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Math 110 Notes

I scribed these notes during the Summer 2021 iteration of Math 110, which was taught by Dr. Mira Peterka. We followed Linear
Algebra Done Right by Sheldon Axler pretty closely and as such, you may notice several references to that textbook throughout
these notes. In the interest of time, we decided to skip several sections from LADR, like 3E (product and quotient spaces), 3F
(dual spaces) and 4 (polynomials). Moreover, we only skimmed chapters 9 (Operators on Real Vector Spaces) and 10 (Trace
and Determinant) and did not cover them in as much detail as the first 8 chapters.
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1 Lecture i

1.1 Vector Spaces

Definition 1.1: Addition
A (vector) addition on a set V is a function that assigns an element u + v € V for each pair of elements u,v € V.

Definition 1.2: Multiplication
A (scalar) multiplication on a set V is a function that assigns an element Av € V for each A € F (here F is a field) and
veV.

The fields that we will commonly work with in this course are R (real numbers) and C (complex numbers). However, the
properties that we will prove should hold for any abstract field F that may be finite (ex. a Galois Field) or infinite.

Definition 1.3: Vector Space
A vector space over Fis a set V along with an addition and a scalar multiplication on V such that the following properties
hold:

e Commutativity: u +v=v+uforallu,veV

e Associativity: (u+v)+w =u+ (v+w) and (ab)v = a(bv) forall u,v,w € Vand all a,b € F

Additive Identity: there exists an element 0 € V suchthatv+0 =v forallv e V
» Additive inverse: there existsaw € V suchthatv+w =0forallv e V
* Multiplicative identity: there exists an element 1 € F such that lv =v forallv € V

* Distributive properties: a(u + v) = au + av and (a + b)v = av + by forall u,v € V and for all a, b € F

Example 1.1
Here are some common vector spaces:
1. R" = {(ul, co ) | uj € R} is a vector space over R for the operations:
(Ury oo un)+ (i, vn) = (UL + V1, .o Uy +Vy)

A(ui, ..., uy) = (Auy,...,Au) forA € R
The additive identity is 0 = (0,...,0) € R".
2. F" = {(ul, cooltp) | uj € F} is a vector space over FF for the same operations defined above.

3. F® = {(u1,ua,...) | uj € F, j < oo} is a vector space over F for the operations:

(ul,ug,...)+(v1,v2,...)=(u1+v1,u2+v2,...)
Alur,us,...) = (Auy,dus,...)fora € F

The additive identity is 0 = (0,0, ...) € F*.

Example 1.2
Let S be a set and F be a field. Then, FS = {f : § — F} denotes the set of all functions from S to F and is a vector space
over the following operations:

(f+8)() =f(x)+g(x) VxeS
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AfH)x)=2a- f(x) Vx € S,YA1€F

The additive identity is the zero function: 0(x) = 0 for all x € S.

Example 1.3

LetV =R, = {x e R|x > 0}. Define “x +y” = xy for x,y € V as an addition that is generally considered ordinary
multiplication. Similarly, define “cx” = x€ for ¢ € R and x € V as a multiplication that is generally considered ordinary
exponentiation. With these operations, V' is a vector space over R since

“e(x+y)” = (xy)°
= nyC

= “cx+cy”

Moreover, 1 is the additive identity (the O of this vector space) since “1 +x” =1-x = “x” forallx € V.

1.2 Subspaces

Definition 1.4: Subspace
Suppose V is a vector space over F. A subset U C V is a subspace of V iff it

* has the additive identity: 0 € U
o satisfies vector addition: u,v e U — u+v e U

* satisfies scalar multiplication: A e F,u e U = Au € U

Note 1.1
A subspace U of V is itself a vector space over the field F for the same addition and scalar multiplication operations

defined for V.

Example 1.4

Let V = R2. Then, V has exactly one “2-dimensional” subspace, namely V itself. Moreover, each line passing
through the origin is a “l1-dimensional” subspace of V. Finally, V has exactly one “0-dimensional” subspace, which is
{0} = {(0,0)} € V. We will formalize the notion of dimension later in the course.

Example 1.5
Here are some cases that are not examples of subspaces. Let V = R? for both cases.

e Let U = {(x,y) | y > 0} be the closed upper half of R2. Then,

1. U contains the additive identity 0 = (0, 0) since 0 > 0
2. U is closed under addition, i.e., u +v € U foru,v € U

3. U is not closed under scalar multiplication: note that (1,1) € U and -1 e Rbut -1 - (1,1) = (-1,-1) ¢ U
e Let W = {(x,y) | xy > 0} be the first and third quadrant of R2. Then,

1. W contains the additive identity 0 = (0, 0) since 0 -0 > 0
2. W is closed under scalar multiplication
3. Wis not closed under addition in V: note thatu = (1,2) € Wandw = (-2,-1) € Wbutu+w = (-1,1) ¢ W

Linear Algebra 5
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Definition 1.5: Sum of Subsets
Let V be a vector space over F and Uy, . . ., Ux be subsets of V. Then, we define

U1+---+Uk={u1+~-+uk|uj€Ujfoerk}

Note 1.2
If Uy, ..., Uy are subspaces of V, then U; + - - - + Uy is a subspace of V too.

Definition 1.6: Direct Sum

Suppose Uy, . . ., Uy are subspaces of V. The sum U + - - - + Uy is called a direct sum if each element of U + - - - + Uy
can be written in one and one way only as a sum uy + - - - + uy where eachu; € U; for j < k. If Uy + - - - + Uy is a direct
sum, we can denote itby U1 @ U2 & - - - & Uk.

Theorem 1.1
Let U, W be subspaces of V. Then U + W is a direct sum iff U N W = {0}.

Proof: We will prove both parts of the biconditional:
* Suppose x € U N W and U N W is a direct sum. Then, we write

x=u+0 wuelU,0eW
x=0+w 0eU,weW

Since U + W is a direct sum, x can only be written in one way which makesu = 0andw =0. Sox =u+w=0+0=0
and U N W = {0}.

e Now suppose u1 + w1 = x = us + wg where uy,us € U,wi,wo € W. Then, u; — us = wo — wy for u; —uos € U and
we —wy € W. However, U N W = {0} so u; — us = wo — w1 = 0 which implies u; = us and w1 = wo. Thus, there is
only one way to write x = u1 + wy, making U + W a direct sum.

Note 1.3
This theorem works well for 2 subspaces but it does not generalize for 3 or more subspaces.

Example 1.6: 1C Exercise 20
LetU = {(x,x, y,y) €eF*|x,ye€ P} Find a subspace W C R* so that U @ W = F4. There are many possible correct
answers. Two of them are:

e W={(x,—x,y,-y) e F* | x,y € F}

e W= {(O,X,O,y) e F* |x,y,eF}

Example 1.7: 1C Exercise 24
Let V = RE. Define U, to be the set of even functions from R to R and U, to be the set of odd functions. Show that

RE=U, ®U,.
Proof: Showing that U, and U,, are subspaces of R® is left as an exercise to the reader.

e We will appeal to the theorem above and show that U, N U, = {0(x)}, the zero function. If f € U, N U, then
f(=x) = f(x) and f(—x) = —f(x) for all x € R. Since f(x) = —f(x) for all x € R, this implies that f(x) = 0(x)
soU, NU, = {0(x)} as expected.

+ What does the direct sum look like? Suppose f € R¥.
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Define feyen(x) = w Since

feven(_-x) =

Fl=x) + ;(—(—x)) A G La (CY NP

2
we get that feyen € U,.
Now consider f — feven, Which we need to show is in U,,. Note that

SO +f (=) _ f() = f(=x)

(f = feven)(x) = f(x) = 5 5

Then,
(f - feven)(_x) =

Thus, f — feven € U, as desired.
Now, f(x) = feven(X) + (f = feven) (x) € U + U, s0 RE = U.oU,.

f(=x) _2f(—(—x)) _ _(f(x) - f(_x)) = —(f — feven)(x)

2
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2 Lecture 2

2.1 Span

Definition 2.1: Linear Combination
Let V be a vector space over a field F and let vy, ..., vy € V. A linear combination of vy, ..., v is a vector of the form
Cc1V1+---+cpvg wherecq,...,cx € F.

Definition 2.2: Span
The span of vy, ..., vg is the set of all linear combinations of vy, ..., v, i.e.

span(vy,...,vg) = {a1vi +---+agvg | ai,...,ar € F}

Note 2.1
Very common but not universal notation: let () be the empty set/list. We declare that span(0) = {0}.

Example 2.1

Is the vector (7, 8, 9) a linear combination of the vectors (1, 2, 3) and (4, 5, 6), i.e.,is (7,8,9) € span((1, 2, 3), (4,5,6))?
Note that span((1, 2, 3), (4,5, 6)) is a plane in R? so we are essentially asking if (7, 8, 9) lies on that plane. If it does, it
will satisfy

1 4 7
c1|2|+c2|5) =18
3 6 9
for some choice of ¢; and c2. We will attempt to solve for those values in the following system

Cl+462=7
2c1+5co =8
3Cl+662=9

We can row reduce the following matrix

1 4|7
2 5|8
3 619
7 1 4
togetcy = —1 and cg = 2. Since |8| = —1|2| + 2|5|, it must be a linear combination of the two given vectors.
9 3 6
Theorem 2.1
Vi,...,Vg €V = span(vy,...,vy) is a subspace of V.
Proof: We will check all three conditions for subspaces:
e Identity: 0 =0vy +---+0vg s0 0 € span(vy,...,vi)
¢ Addition: suppose u,w € span(vy,...,vk). Then, there are ay,...,ax, b1, ..., by € Fsuch that

u=aivy+---+argvg

w=>bivag+---+brvy

Linear Algebra 8
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SO,
u+w=avi+---+apvr+bivi+---+brvg
= (a1 +b1)vy+---+ (ax +br)vi
€ span(vi,...,Vvg)
e Scalar Multiplication: if u = ajvi +-- -+ agvy € span(vy,...,vg) and A € F, then
Au=Alayvy +---+agvy)
= (day)vi + -+ (dag)ve
€ span(vy,..., Vi)
Theorem 2.2
If vi,...,vg € V, then span(vy, ..., vg) is the smallest subspace of V containing v1, ..., vg, i.e., span(vy,...,vg) is
the subspace of V generated by vy, ..., vg.
Proof: Suppose W C V is a subspace of V and that vy, ...,vy € W. Then any linear combination of vy,..., v, must be in W
since W is a subspace of V. So, span(vy,...,vr) € W. In other words, every subspace W of V that contains a list of vectors
will also contain their span.
Definition 2.3: Finite-dimensional
A vector space V is finite-dimensional if V is spanned by some finite list of vectors, i.e., V = span(vy, ..., v;,) for some
listvi,...,Vm.
Example 2.2

We know that R? is finite-dimensional as it is spanned by
1 0 0
e = 0,622 1,6320
0 0 1
Similarly, R? is also finite-dimensional since it is spanned by
|1 10
el - 0 ’ 62 - 1

|1 12 |4
V1_09v2_2’v3_1
Theorem 2.3

Let p be a polynomial with real coefficients. If

or some other set of vectors like

Ly vax+ag

1

p(x) = apx" +a,_1x""

=bpx" + b1 X+ + bix + by

where a, # 0 and b,, # 0, then n = m. Therefore, p has a well-defined degree, namely deg(p(x)) = n = m.

Proof: WLOG, suppose n > m. Then,

n+l dn+1

Wp(x) = W(anx” + - +ayx+agp)

Linear Algebra 9
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=nla,

#0

On the other hand,

n+l dn+1
Wp(x) = W(bmxm + .-+ b1x + bo)

=0

This is contradiction, which also holds for m > n, so n = m.

Example 2.3
Let P be the set of all polynomials. Then P is infinite-dimensional, i.e., not finite-dimensional.

Proof: Suppose P = span(p1, ..., px). Let j be the max degree of py,..., px. Consider x/*1. Note that
x/*1 ¢ span(vi, ..., vi)

since deg(x/*!) = j + 1 where any linear combination of v1, ..., v; has degree at most j. So, we can always keep
appending terms like x/*! to the list of vectors that span P, which implies that P is not finite-dimensional.

2.2 Linear Independence

Definition 2.4: Linearly Independent
The vectors vy, . . ., vg are linearly independent iff they satisfy the trivial relation, i.e., c1vi +---+cxvp =0 = ¢1 =
co=---=ck=0.

Definition 2.5: Linearly Dependent

If vy, ..., vi are not linearly independent, we say that they are linearly dependent. In other words, vy, . . ., v are linearly
dependent if there are c1, . .., cx € F such that there is at least one ¢; # 0 and cqvq +-- -+ cxvi = 0.
Note 2.2

We declare that the empty list is linearly independent.

Note 2.3
Any list with the 0 vector is linearly dependent.

Example 2.4
1 2 3
Consider wy = [1{, wo = |2| and w3 = |3]| in R3. Then,
1 2 3
2w1 — Iwga + 0wz =0
0W1 +3W2 - 2W3 =0
1
S0 w1, wg, wg are clearly linearly dependent. Moreover, span(wy, wo, ws) = span| 1| |is a line in R3.
1

Linear Algebra
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Theorem 2.4: Linear Dependence Lemma
If vq,...,v,, are linearly dependent, then the Linear Dependence Lemma (LDL) states that there is some j < m such
that

* vj espan(vy,...,vj-1)

e span(vi, ..., V,) =span(vi,...,Vj,..., v,) where the RHS denotes the span with v; removed from the list

Proof: We will prove both parts:

e If vy,..., v, are linearly dependent, then we can find coefficients ag, ..., a,,, not all 0, so that ayv{ + -+ + a;,v;, = 0.
Let j be the largest k < m such that a; # 0. Then,

a1v1+---+ajvj=0

ajvj =—-aivy —--- —aj_1Vj_1
aj aj-1

Vj :_;‘}1 _"'_ij—l
J J
€ span(vy,...,v;-1)

* If u =cy1vy +--+ +cpvm, substitute the expression for v; above to get

u=civy +"'+Cj_1Vj_1+CjVj+Cj+1Vj+1+"'+Cme

ay aj-1
=c1vyt+---+cCjvj1+Cj|l——Vvi— o —— V1| T Vi1 T+ CVm
a; a;
J J
aj aj-1
=|c1——¢cjvi+---+|cj1+ Ci|Vj-1+Cjs1Vj41 + - -+ CmVm
aj aj
Thus, span(vy, ..., Vm) =span(vi,...,Vj,...,V,) since any vector « in the first set can be rewritten as a vector in the
second set.
Note 2.4

If j=1,thenv; =0and u = cova + - - - + ¢, vy This is precisely because span(0) can be defined as {0}.

Theorem 2.5

Suppose u1, ..., U, are linearly independent in V and w1, ..., w, span V. Then, m < n.
Proof: Look at uy,wi,...,w,. Since u; € span(wi, ..., w,), the list u3, wy, ..., w, is linearly dependent. Then, the Linear
Dependence Lemma applies here and some w; can be removed from u1, w1, ..., w, such that span(ui, wi,..., Wj,...wy) =
span(uq,wi,...,wy,) =V.

How do we know that u; is not the vector that gets removed? If it was, it would imply that #; = O (see note 1.4). However, this
would be a contradiction to the linear independence of u1, ..., u,, (see note 1.3). Thus, it really had to have been a w; vector
that was removed.

Next, insert u3 into the second slot of this list to get u1, u2, w1,...,Wj, ..., w,. This listis once again linearly dependent since
up € V. = us € span(wi,...,wy,) = span(ui,wi,...,W;,...,Wp), and the LDL can be applied here. Due to the same
reasoning as above, u; is not removed from the spanning list. However, neither is us since us ¢ span(uy) (recall the first part
of LDL) and u1, us are linearly independent. Therefore, one of the w; vectors must be removed again, which will yield a new
list uq, u2, wi,...,Wi,...,Wj,...,wy (it is entirely possible that w; was removed instead — WLOG, we just assumed that
1 <i < j < nhere)fori # j that spans V.

Linear Algebra 11
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Next, insert the vector u; after u;_; into the list above, which will make it linearly dependent once again. However, since
ui,...,u; themselves are linearly independent, by the LDL, some vector to the right of u;, i.e. a w vector, can be removed
from the spanning list, which will continue to span V. Notice that the exact same logic that was applied to the j = 2 case above
generalizes here as well.

We can repeat this process until all of u1, ..., u,, has been inserted into the spanning list. The list still contains n vectors since
every vector appended is also followed by a single removal. The first m vectors are u, . . ., u,, so we are left with n —m total w
vectors in the end. Since this new list also spans V and the number of vectors can never physically be negative, it would follow
thatn—-m >0 = n > m.

Theorem 2.6
If V is a finite-dimensional vector space and U is a subspace of V, then U is also finite-dimensional.

Proof: If U = {0}, then it is finite-dimensional. Otherwise, choose some u; # 0 in U. Then, either U = span(u;) and we are
done, or there is some us € U not in span(uy), i.e., u1, uo are linearly independent. Similarly, either span(u1,us) = U or there
is a third vector u3z € U such that us ¢ span(uy, us), i.e., u, us, us are linearly independent.

We can continue this process, which must eventually terminate. Why? Suppose w1, ..., w,, spans V. Then, by the theorem
above, no list in V and, therefore, no spanning list in U can be of length m + 1 or more.

2.3 Discussion Problems

Problem 2.1
Prove that if v, ¢ span(vy,...,v,-1) and vy,...,v,_1 are linearly independent, then vi,...,v, are also linearly
independent.
Answer: Suppose c1vi + ...cyvy, = 0. Thus, ¢,v, = —c1v1 — -+ — ¢y—1vn-1. However, v, ¢ span(vi,...,v,-1)
which implies that ¢,, = 0. So, c1v1+::-+cu-1vy—1 +0v, = 0. However, vy, ..., v,_ are already linearly independent
as given, so c; = - -+ = ¢y—1 = 0. Since all ¢; are 0, the list vy, ..., v, is indeed linearly independent.
Problem 2.2

1 1 0
Letwy = |—1|, wy = [1] and w3 = |2|. Are span(w,ws) and span(w1, ws) the same subspace in R3?

0 2 2

Answer: Note that wy is in both sets. Also observe that ws = wo —w7. Thus, span(w1, ws) C span(wy, ws). Similarly,
wg = ws + wi. Thus, span(wy, wa) C span(wi, ws). Therefore, they are the same sets.

Problem 2.3
Ifvy,...,vg € V are linearly independent, is it possible that uy, ..., ux_; spans V?

Answer: No! The length of any spanning list is less than or equal to the length of any list of linearly independent vectors.

Problem 2.4
Prove true or give a counterexample: If vi,vq, v3 are linearly dependent, then any v; for i = 1,2, 3 can be written as a
linear combination of the other two.

Answer: Consider v; = [(1)], Vo = (1)} and v3 = [(2)] Note that v5 is not a linear combination of v{ and v3.

Linear Algebra 12
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Problem 2.5
Express V=R2=U@®W =U & W’ where U = {(x,0) | X e R} and W # W’.

Answer: Consider W = {(0,y) | y e R} and W' = {(y,y) | y € R}.

Problem 2.6
Let P(F) be the set of polynomials with coefficients in F. Show that x” and x™ are linearly independent if n # m.

Answer: Let a,b € F such that ax™ + bx" = 0. Forx =1,wegeta+b =0 = b = —a. Then, ax" —ax" =0 =
a(x —x") = 0. Assume that a # 0. Then, a(x" —x™) =0 = x" —x" =0 = x" = x™. This is a contradiction so
a = 0 and consequently, b = 0. Thus, x" and x™ are linearly independent.

Note that this statement only holds for fields like R and C but does not necessarily work in finite fields like Z3.

Linear Algebra
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3 Lecture 3

3.1 Basis and Dimension

Definition 3.1: Basis
A list of vectors in V is a basis for V if the list is linearly independent and it spans V.

Note 3.1
The list vy, ..., v, is a basis for V iff every v € V can be written uniquely in the form v = ayvy + - - - + a,v, for some
ai,...,a, € F.

Theorem 3.1
If span(vy,...,vg) =V, then some sub-list (possibly the entire list) of vy, ..., v is a basis for V.

Proof: If vy, ..., vy are linearly independent, then it is a basis of V and we are done. Otherwise, by the LDL, we can throw
away some v such that span(vi,...,vj,...,vi) = V. Ifvy,...,D;,..., vy islinearly independent, it is a basis for V and we are
done. Otherwise, apply the LDL once again and remove some v; to obtain the list vy, ..., V;,...,V;,..., v for j # [ (WLOG,
let j < 1) that still spans V. If it is linearly independent, then we are done or we can continue repeating this same process.

The process must terminate within & < oo steps, or we will be left with V = span(0) = {0} after everything in vy,..., vy is
discarded. Moreover, one this process terminates, we can only be left with a linearly independent list of vectors, which will
form the basis of V.

Note 3.2
An immediate conclusion of the theorem above is that every finite-dimensional vector space has a basis.

Theorem 3.2

Ifvy,...,vyand uq,...,u,, are two bases of V, then n = m.
Proof: Since u1,...,u, is linearly independent and v1, ..., v, spans V, we know that m < n. However, since vi,...,v, is
linearly independent and u1, . . ., u,, spans V, we also know that n < m. These two inequalities imply that m = n.

Definition 3.2: Dimension
If V is finite-dimensional, then dim V is the length of any basis of V.

Example 3.1
LetV=R"andey,...,e, be the standard basis for R”. Any other basis of R” can be related to ey, . .., e, by a change
of basis matrix: applying an n X n invertible matrix A to ey, . . ., e,, will yield another valid basis Aeq, ..., Ae,. In fact,

one can rewrite A as

A= [Ael Ae,,]
where each Ae; forms the ith column of A.
Example 3.2
Let P,,,(F) be the set of all polynomials with degree at most m. Then, P,, is an m + 1 dimensional vector space over F
with basis 1, x,x2, ..., x™.

Linear Algebra 14
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Example 3.3
The same vector space can have different dimensions over different fields. The vector space C defined over the field C
has dimension 1, but defined over the field R has dimension 2.

Theorem 3.3
Any linearly independent list vy, ..., v in a finite-dimensional vector space V can be extended to form a basis for V.

Proof: Does v1, ..., v initially span V? If so, then it is already a basis and we are done.
If not, then there is a vg,1 € V such that vg,1 € span(vy,...,vg). Then, vi,..., v, vg+1 must be linearly independent (recall
problem 1.1 from last discussion). Check again: if this new list spans V, then it is a basis for V and we are done.

If not, then there is a viio € V such that vi,o ¢ span(vy,...,vis1). Then, again, vi,..., Vg, Vis1, Vis2 must be linearly
independent. If it spans V, then it is a basis, and if not, continue this whole process.

It must eventually terminate, yielding a basis for V, because the length of the list of linearly independent vectors must be not be
greater than the dimension of V.

Theorem 3.4
If U is a subspace of V and dim V' < oo, then dim U < dim V.

Proof: Since V is finite dimensional, then so is U with, say, dim U = k. Thus, U has abasis u1, . .., u. In particular, uy, ..., ux
is a linearly independent list in U, which following the definition of a subspace, must also be a linearly independent list in
V. So, by the theorem above, the list u1,...,u;, can be extended to form a basis u1,...,u,vi,...,Vdimv-k of V. Since
dimV -k > 0,we getthat k < dimV = dimU < dimV.

Theorem 3.5
If V is a finite-dimensional vector space and U C V a subspace, then there exists a subspace W of V suchthatV = U& W.

Proof: Let dimU = k and dimV = n. Choose a basis of U such as uj,...,u;. Extend this basis to V, by ap-
pending any additional vectors as appropriate to get ui,...,Ug, W1,...,Wu—k. Let W = span(wi,...,w,_k). Since
span(ui, ..., Uk, wi,...,wy_x) =V, for any v € V, there are scalars c1,...,ck,d1,...,d,—; € F such that

v=ciu1+--+cpug +diwr+ -+ dp_ Wk

soV=U+W.

To show V = U & W, we now need to show that U N W = {0}. If x e UN W, thenx € U and x € W. Since x € U, it can be
written as x = cjuy + -+ + cxug + 0wy + -+ - + Ow,,_ for some cy,...,cx € F. Similarly, since x € W, it can be written as
x=0uy+---+0ur +diwi +---+dy_gwy_i for some dy, . ..,d,— € F. Writing these next to each other, notice that

x=ciuy+---+cxurp+ Owp+---4+  Owp_g
=0uy+-+ OQupg+diwr +-- - +dn_kwWn—k
Comparing term by term will giveus ciu1+- - -+crux = 0and dywi+- - -+d,—wyn—r = 0. However, both of these lists are linearly

independent, which implies thatc; =+ =cx =0anddy =--- =d,—x =0. Thus,x =0uy +-- -+ 0ugr +Ow1 +-- - +0w,_x = 0.
Since an arbitrary x € U N W was considered, this implies that U N W = {0}, as desired.

Theorem 3.6
If Uy and Us are finite-dimensional subspaces of a vector space V, then

dim(U1 + U2) =dimU; +dim Uy — d1m(U1 N U2)

Linear Algebra 15
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3.2 Discussion Problems

Problem 3.1
Suppose dim V = 5. If « is a list of length 4 of vectors in V, which of the following are possible?

1. «a is linearly independent
2. «a is linearly dependent
3. span(a) =V
4. span(a) #V
Answer the same questions for 3, a list of length 6 in V.

Answer: For a, items 1 and 2 may be true, item 3 is never true (need a list of length 5 to span V) and as such, item 4 is
always true. For (3, item 1 is impossible and item 2 is always true (there are 5 linearly independent basis vectors so a 6th
one must always be in their span), and items 3 and 4 are possible.

Problem 3.2
Suppose dim V = n and « is a list of length n of vectors in V. Explain why, if « is linearly independent, it must be a
basis for V.

Answer: We can extend « to a basis for V. However, any basis of V has length n, so any extension of « that is a basis of
V must be « itself.

Problem 3.3
Suppose dim V = n and « is a list of length n of vectors in V. Explain why, if span(a@) = V, it must be a basis for V.

Answer: We can reduce « to a basis for V. However, any basis of V has the same length as a, so any reduction of &
must be to « itself. Thus, « is a basis for V.

Problem 3.4
Prove that if U is a subspace of V with dimU = dimV =n, then U = V.

Answer: Suppose u1, ..., U, is abasis of U. It is therefore a linearly independent list of length n in V too, which implies
it is a basis for V. Then, U = span(uq, ..., u,) = V.

Problem 3.5
Show that the space C(R) = {continous functions f : R + R} is infinite-dimensional.

Answer: Note that P(R) is a subspace of C(R), so dimP(R) < dim C(R). However, P(R) is infinite-dimensional,
which implies that C(R) is infinite-dimensional as well.

This provides an example of U c V such that dimU = dimV = co. Consider sin(x) € C(R). Since sin(x) has
infinitely many roots, it is not in P(R).

Problem 3.6
Ifvy,...,vqis abasis of V and U is a subspace of V such that vy, vy € U but vs,v4 ¢ U, must vy, v be a basis of U?

Answer: No — U could be span(vy, va, v3 + v4)

Linear Algebra 16
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Problem 3.7 .
LetU = {p € P4(R) | f_l p(x)dx = O}. Find a basis of U.

Answer: Since p € P4(R), every such polynomial is of the form p(x) = ax* + bx® + cx? + dx + e. Then,

/llp(x)d_XZO

1
/ (ax* +bx3 +cx®’ +dx+e)dx =0
=i

ax5+bx4+cx3+dx2+ ~0

5 0 4 3 2 9,7
2 2
€a+_c+26:0

Thus, b and d are arbitrary so you can take x> and x as two basis elements. Now, observe that

[

ot
—

=

(SR

=
|
|

-1

S o N -
|
[N

2 2

3 3

=0
Thus, these are possible basis elements of degree 4 and 2. Since the only constant function that belongs in U is the zero
function 0(x) = 0, there is no basis element of degree 0. Therefore, one possible basis of U is x- %,x?’,x2 -1

Linear Algebra
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4 Lecture4

4.1 Linear Maps

Definition 4.1: Linear Map/Transformation
Let V and W be two vector spaces over the same field F. A mapping 7 : V — W is a linear map/linear transformation if
it satisfies:

T(u+v)=T(u)+T(v) (additivity)
T(cv) =cT(v) (homogeneity)

foru,v € Vand c € F.

A linear map T : V +— W is a map that “respects” the vector space structures on V and W, or is “compatible’” with the vector
space structures on V and W.

Example 4.1
Here is a non-example of a linear map. Consider 7' : R > R where T'(x) = x2. Lets look at the two properties of a linear
transformation:

s T(x+y)=(x+y)2 #x2+y2=T(x) +T(y)
o T(cx) = (cx)? = ¢?x? # ex? = cT(x)

Thus, T is neither additive nor homogenous.

Example 4.2
Suppose T : R + R is linear. Then, there exists a unique m such that T = T,,, where T,,,(x) = mx for all x € R.

Proof: Lete; =1 €V =Rbe abasis for V. Then, T(x) =T(x-e1) =T(x-1) =xT(1) = T(1)x. This holds because R
is both V and F in this case. Conclusion: T'(x) = T;,(x) = mx where m = T(1).

Example 4.3
Similar technique shows that if 7 : R? — R is linear, then T'(x, y) = ax + by for all x, y € R for some a, b € R.

Note 4.1
Suppose vi,...,V, is a basis of V and that T : V + W is linear. Then, T is completely determined by the vectors
T(v1),...,T(vy). Why? If v =cyvy + -+ + c,Vvy, then

T(v)=T(civi+- - +cpvp) =c1T(v1)+---+c,T(v,)

Theorem 4.1
Let V and W be two n-dimensional vector spaces. Suppose v1, ..., V, is abasis of V and wy,...,w, € W. There exists
aunique linear map 7 : V +— W such that T (v;) = w; for eachi < n.

Proof: Breaking the proof down into multiple parts to make it more digestible:

e DefineT : Vi Wby T(civi+---+CpVp) =C1Wi + -+ Cpwy.
¢ We first need to check that this is well-defined, i.e.,

civi+-+epvy=divi+--+dyvy, = T(cvi+--+cpvp) =T(d1vi+-- - +dyvy)

Linear Algebra 18
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Look at T(c1vy+---+cpvy) =ciwi+---+cpywyand T(dyvy + -+ -+ dyvy) = diwy + - - - + dyw,. Are they equal? Yes
—V1,...,V, being linearly independent and c1vy + -+ - + ¢4V, = d1v1 +--- + d,v, implies that ¢; = d; forall j < n.
Thus,
T(civi+: - +Cpvp) =C1W1+ -+ CpWy
=diwi+---+d,w,
= T(d1V1 +.-- 4+ dnvn)

as desired.

* Since any v can be expressed as c1vy + - - - + ¢, v, forsome ¢y, ..., c, € F, the map T is defined on all v € V. By taking
cij=landc;=0forl # j,wegetT(v;) =w;.

* Next, we verify that T is linear. This should be pretty straightforward. If u = ayvi +---+a,v,andv =b1vi +-- -+ b,v,,
thenu+v = (ay +by)vi+---+ (ay, + bp)vy. So,

T(u+w)=T((a1+b1)vi+---+ (a, +by)v,)
=(a1+b1)T(v1) +- -+ (an +by)T(vy)
=(a1+bi)wi+---+(an+bp)wn
=awi+--+aywy,+biwi +---+b,wy,
=T(u) +T(w)

Proof for T(Av) = AT (v) is very similar.
* Now, we prove uniqueness. Suppose S is a linear map that takes each v; to w; for all j < n. Then,

S(civi+-+cpvp) =c1S1) + - +cpS(vp)

=ciw1+:--+Ccywn

forall ¢1,...,c, € F. Then, S =T as desired.

Theorem 4.2
If T : V +— W is a linear map, then 7(0) = 0.

Proof: T(0) =T(0+0) =T(0) +T(0) = T(0)+T(0)—T(0)=T(0)—T(0) = T(0)=0

Example 4.4
In the theorem above, we used the linear independence of vy, ..., v, to argue that T is well-defined. If T is linearly
dependent, however, then 7 won’t necessarily be well-defined. Consider V = W = R? and

1 2 1 1
V1 = [1]’V2: [2 W1 = 1],1’\/2: |:0]

Let

T(vi) =wi
T(v2) = wa

Then,
T(2vy) =2T(v1) =2wq = [3] * [(1)] =wo =T(v2)

In other words, 2v; = vo does not imply that 7(2v1) = T (v2). Thus, T does not represent a well-defined map.
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Definition 4.2: Vector Space of Linear Maps
Define L(V,W) ={T : V +— W | T is linear}. Then, L(V, W) is a vector space over F.

The vector space L£(V, W) is valid over the following operations:

¢ Define an addition on L(V,W) as (S+T)(v) =S(v) +T(v) forallv € V.
¢ Define a scalar multiplication on L(V, W) as (AT)(v) = AT (v) forallv e V,1 € F.

¢ Define the zero map T'(v) = 0 for all v € V as the additive identity.

The proof of L(V, W) being a valid vector space over the operations above is left as an exercise for the reader.

Note 4.2
dim L(V,W) =dimVdim W

Let vi,...,vdimv and w1, ..., Wdaimw be some basis of V and W respectively. Consider T;; such that T;;(v;) = w; and

T;j(vk) = 0 when k # i. It is left to the reader to show that 7;; for 1 </ < dimV and 1 < j < dim W is a basis for L(V,W).

4.2 Null Space and Range

Definition 4.3: Kernal/Null Space
IfT : V — W is linear, then ker(7) = null(T) = {v e V | T(v) = 0}.

Note 4.3
ker(T) is a subspace of V.

Definition 4.4: Image/Range
IfT : V — W is linear, then im(7') = range(T) = {T(v) | v € V}.

Note 4.4
range(T) is a subspace of W.

Example 4.5
Let T : R? — R? be the reflection about the line y = x. Then, T(e1) = e and T(e2) = e;. In other words,

T(C1€1 + CQ@Q) =cC9e1 t+crea. Define
0 1
e _
[T]e - [1 0}

to be the matrix, in the standard basis, that represents this transformation. Finally, range(7) = R? and ker(7) = {0}

Example 4.6
Let projy : R? +— R3? be the orthogonal projection onto a plane W C R2. Then, range(projy,) = W C R? and
ker(projy,) is the line in R? that is normal to W.

Definition 4.5: Surjection
The map T : V — W is onto or surjective if range(7") = W.

Linear Algebra
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Definition 4.6: Injection
The map T : V — W is injective if it is one-to-one, i.e., T(v) =T(u) = v =uforallu,v eV.

Theorem 4.3
T :V > Wisinjective if T(v) =0 = v =0, i.e., iff ker(T) = {0}.

Proof: Biconditional proof:

 If T is injective, then it is one to one and T(v) = 0=T(0) = v =0.

* Suppose T(v) = T'(u). Then, T(v) = T(u) =T (v —u) = 0 and ker(T) = {0} impliesv —u =0 = v = u as desired.

Example 4.7

Let V = W = P5(R). Then, define D : P5(R) +— Ps5(R) where Df = f” is the derivative of f. Then, range(D) =
P4(R) C P5(R) and ker(D) is the set of constant functions (f(x) = c¢). Note that D is neither injective nor surjective.
However, if D was instead defined as D : P5(R) +— P4(R), then it would be surjective.

Example 4.8

Let’s see what happens if we consider an infinite-dimensional vector space V. = W = C*®([a, b]), i.e. the set of co-
differentiable functions on [a, b]. Let D : C*([a, b]) — C*([a, b]) where D is again the differentiation map defined
above. Then, ker(D) is the still the set of constant functions and range(D) = C*([a, b]) = W. So, in this case, D is
surjective, but it still isn’t injective.

Theorem 4.4: Rank-Nullity Theorem

Suppose T : V +— W is a linear map, with dimV < oco. Then, V = U & Z where U = ker(T) and Z is a non-unique
subspace of V such that T(Z) = {T'(z) | z € Z} = range(T) and T is injective when restricted to Z. As an immediate
consequence, dim V = dim ker(7) + dim range(7T).

Proof: Since dimV < oo and ker(T) is a subspace of V, there is a basis u1,...,u, for U = ker(T) that extends to a basis
Ui,.ooryUmyVi,..., vy of V (so dimV = m + n). Let Z = span(vy,...,v,). We claim that T(vy),...,T(v,) is a basis of
range(T). First suppose x = ciuy + -+ cpltyy +di1vi+---+dyvpforcy,...,cm,d1,...,dy, € F. Thus, V = U + Z is a direct

sum since every x € V can be written like that. Then,

T(x)=T(crur + -+ Cpltyy +d1v1 +---+dyvy)
=T(ciur +-- -+ cmim) +T(d1vy +-- - +dpvy)

0
=diT(v1) +--+d,T(vy)

Therefore, range(T) = span(T'(v1),...,T(v,)) = T(Z) as desired.

We will now show that T(v1),...,T(v,) are linearly independent. Suppose a17(v1) + -+ + a,T(v,) = 0 for some scalars
ai,...,a, € F. Then, T(a1vy +---+auvy) =0and a1vy + -+ a,v, € ker(T). So, a1vy + -+ +ayvy = biuy + -+ + by,
for some scalars b1, ..., b, € F since uy,...,u, is a basis of U = ker(T). Thus, byuy + -+ byyityy —ayvi — -+ — apvy, = 0.
However, ui,...,um,v1,...,V, are linearly independent (since they form a basis) so b1 = ...b,; = a1 =--- = a, = 0. This

calculation proves that

e T(v1),...,T(v,) are linearly independent and so they form a basis of range(T)
e ker(T)NZ ={0},ie,V=UdZ

* T|z (the restriction of T to domain Z) is injective since ker(T'|z) = ker(T) N Z = {0}
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Note 4.5
If V = W, we are not claiming that V = ker(T') @ range(7T'), though that can happen. For instance, when7 : V - V is
injective and V = range(T).

Example 4.9
Here is one counterexample to the note above — letV =W = R2 and TB] = [g] Then,
X
ker(T) = {[O | x € R}
X
range(T) = {[O | x € R}

Observe that ker(T) = range(T) and V = R? # ker(T) @ range(T).

Example 4.10
Define the left shift transformation T : R3 — R3, i.e., T(e1) =0, T(e2) = e1 and T'(e3) = es. Then,

X 0 1 O0ffx

Tly[=(0 0 1f|y

b4 0 0 O0f|z
Note that ker(7T) = span(e1) and range(T) = span(es, €2). Then, dimV =3 = 1+ 2 = dim ker(7) + dim range(7') as
expected.
Theorem 4.5

LetT € L(V,W) and vy, ..., v, be abasis of V. Then, T is injective iff T(v1),...,T(v,) are linearly independent.

Proof: We will prove both directions:

* Suppose that

ciT(vy)+--+cyT(vy) =0
T(civi+:--+cpvy) =0

for some scalars cq,...,c, € F. The injectivity of T implies ker(7T) = {0}, i.e., c1v1 + --- + c,v, = 0. However,
c1=---=c, =0since vy,...,v, is a basis, which implies that T(v1), ..., T(v,) are linearly independent as well.
¢ We will show prove the contrapositive: if 7 is not injective, then T(vy),...,T(v,) are linearly dependent. Since

ker(T) # 0, there is some non-zero c1v1 + - - - + ¢, v, € V such that

T(civi+---+cpvp) =0
ciT(vy)+--+cyT(vy) =0

By the linear independence of v, . . ., v,, there has to be at least one non-zero ¢; such that c;vy +: - - +c,v, # 0. However,

this also implies that T(v1), ..., T(v,) are linearly dependent.
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22



Math 110, Summer 2021 Notes Aryan Jain

5 Lecture5

5.1 Matrices

Definition 5.1: Matrix

Define
all coo ain

A =
aAml .- Amn

to be an m X n matrix where a;; is the element in row i and column j.

Note 5.1
X1
X2

The vector x = | . [ € R" can be regarded as both a column vector and an n X 1 matrix.
Xn

Definition 5.2: Matrix-Vector Product
The product of an m X n matrix A and a vector x € R" is defined as

ail ... Aaip||X1 ailxy + -+ aipxn

m

A

Ax=| : : 2 = : €

aml -+ Amn||Xn aAm1X1 + -+ amnXn

The ith row of Ax can be viewed as the dot product of the ith row of A with x.

Note 5.2
We will assume that you already know how matrix addition, scalar multiplication and vector dot-products work from
previous linear algebra courses.

Theorem 5.1
aij

Ax =x1a1 +- -+ +xua, wherea; = [ : | is the jth column of A.

Clmj

Proof: Observe that

-auxl +---+aipxn

Ax =
|dm1X1 + -+ QmnXn
[ar1x1 ] a1nXn |
= oot
|dm1X1 | XmnXn |
an | ain |
=x1| |+t X
am1 | Amn |

=x1a1+---+x,a,
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Given a system of linear equations

ajlxy+---+aipx, = bl

Am1X1 + -+ QnXn = bm
with m equations and n unknowns, we can rewrite it as
ailxy+---+aipxy
aAm1X1 + -+ amnXn
=b

The augmented matrix (A | b) for the system corresponds to the Ax = b expression given above. This is among the many good
reasons for defining matrix-vector product the way we did above!

Few observations about the matrix-vector product:
1. Ae; = a; where e is a part of the standard basis of R".
2. An easy calculation shows that Ax is linear:

A(x+x") = Ax + Ax" Vx,x' e R"
A(cx) = cAx Vx e R",c € R

Note 5.3
F"*" denotes the vector space of m X n matrices whose elements are in F. Furthermore, dim F">" = mn.

Theorem 5.2: Matrix-Matrix Product
If A € R™ " and B € R"*P, we want to extend our definition of matrix multiplication so that

1. ABis defined and AB € R"™*P
2. If p = 1, this just reduces to matrix vector multiplication
3. (AB)x = A(Bx) for all x € RP

We claim that AB is uniquely determined by the requirements above.

Proof: According to the associativity condition above,

(AB)x = A(Bx)
= A(X1b1 + . +prp)
=x1Ab1 +---+x,Ab,
where b1, ..., b, are the columns of matrix B. Letting x; = e; will yield (AB)e; = Ab;. In other words, the jth column of AB

is the product of matrix A and the jth column of B. Thus, AB is uniquely determined (since regular matrix vector multiplication
is also uniquely determined).

Example 5.1
If Ais m X nand B is n X p, then the 7,jth entry of AB is (AB);; = X.;_; aixbr;. Why? (AB);; is the ith entry of
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Ab] — bljal + .. +bnjan’ Wthh iS

bijaji + -+ +bpjain = aitbij+- -+ ainbp;

n
= Z aikbi;
k=1

Theorem 5.3: Associativity of Matrix Multiplication
(AB)C = A(BC) where Aism xn,BisnXx p and Cis p X g.

Proof: The jth column of (AB)C is (AB)c; = A(Bc;). However, Bc; is the jth column of BC so A(Bc;) = A(BC);, which
is the jth column of A(BC). Since this is true for all columns j < g, we get that (AB)C = A(BC).

Example 5.2
Suppose A is an m X n matrix. Then, T'(x) = Ax is a linear map from R” to R”. This is the same statement as “A is
linear” that was made earlier.

However, there is a converse to this fact.

Theorem 5.4
T : R" — R™ is a linear map iff there is an m X n matrix A such that 7'(x) = Ax for all x € R".

Proof: The first part of this biconditional is trivial and already explained. We will now show the converse:
T(x)=T(x1e1+ - +xpen)
=x1T(e1) +- - +x,T(ey)
X1

= [T(e1) T(en)]

mXn matrix

Xn

Taking A = [T(e1) . T(en)] will give us T (x) = Ax. This matrix A is called the matrix representation of 7 : R" +— R™
with respect to the standard basis of both R" and R, and is sometimes denoted by either [T]. or [T]¢.

Example 5.3
Let T : R? — R2 be the reflection across the line y = —x. Then,
T(e1) = —e2
10
T -1
T(e2) = —e;

Thus, [T]. = [T(el) T(e2)] = [_(1) _(1)]

Example 5.4
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Let T : R? — R? be defined such that T(x, y,z) = (y — x + z, 2x + 3y). Then,

T(e1)=T7(1,0,0) =(-1,2)
T(e2) =T(0,1,0) = (1,3)
T(e3)=7(0,0,1) =(1,0)

Thus, 7], = [7er) T(e) Tlen)] = |7 5 |

Definition 5.3: Composition

Suppose T € L(R",R™) with [T]. = A and S € L(R?,R") with [S]. = B. Then, the composition 7 o § is defined as
(T o S)(x) =T(Sx) for all x € R? and is well defined.

Theorem 5.5
[ToS]e=I[T].[S]le=AB

Proof: Note that [T o S], = AB implies that (T o S)e; is the jth column of AB for all j < p. However, the jth column of AB
is Ab; = A(Se;j) =T (Se;) = (T o S)e; by the definition of compositions. Thus, [T o S], = AB is indeed a true statement.

Note 5.4

The proof above also shows that (7 o S)(x) = T'(Sx) for all x € RP is equivalent to the requirement that (AB)x = A(Bx),
which we already established earlier.

5.2 Change of Basis

Definition 5.4: Coordinate Vectors

Suppose that V has a basis @ = vy,...,v,. fx =c1vy + -+ + ¢, vy, then define
c1
[x]ar = eR"
Cn

to be the coordinate vector of x with respect to the basis @. Denote the map x — [x], (or equivalently, V — R") by @,
i.e., define @(x) = [x], for all x € V. In other words, @ is the map that returns the @-coordinates of some x € V.

Note 5.5
Easy calculations show that & is an injective and surjective map from V +— R”.

Definition 5.5: Matrix Representation of T
Suppose T € L(V,W) and @ = v1,...,v,, 8 =W1,..., W, are a basis of V and W respectively. Then,

[T15 = [[TO:D)]g - [TOn)lg]

is the matrix representation of 7" with respect to the particular bases @ and 8. This is also sometimes denoted by
M(T, (vi,...,vn), (W1,...,wy)) or just M(T) if the choice of bases is clear from the context.

LetdimV =n,dimW =mand T : V — W. Then, [T]/; is an m X n matrix whose jth column is [T'(v;)]g. This can also be
represented using the following commutative diagram:
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v —I s w
arl B
Rn } m

(715

In other words, B(T(v)) = [T]ﬁ&(v) for all v € V. Since @ is invertible, it follows that [T][f, =BoT o (&) ! is a linear map

from R" — R™.

Example 5.5
Let dim V = n and «, B8 be two different bases for V. Define I(v) = v to be the identity map from V to V. Consider the

following diagram:
v—L—v
| L
R? — R”

e
Then, ~ ~
[vilg - Dvalg] =H1G=Bolo(@ ' =fo(@)!
where @ = vi,...,v,. Note that (&)~! yields a vector back from its a-coordinates, after which B retrieves its

B-coordinates. In other words, [ ]ﬁ : R™ — R" is the change of basis matrix from basis @ to basis 3.

As a consequence of the results above, we get some natural tautologies that follow directly:

« [T [v]e = [T(M]g
Proof: Start with the expansion of [T]/f, as
[T v]e = (BoToa Hv]a
=(BoT)(@  [v]a)
=(BoT)(v)

=BT (v))
=[T(")1g

 [T151819 = [T o515
Proof: We follow the same strategy as above:
[T151S15 ]y = [T1GIS(W)]a

= [T(S()]g
= [T oS5V,

Example 5.6
Since [T]B [vle = [T(v)]g, the change of basis matrix [I]fi implies [I][f,[v]a = [v]g as expected.

a

Note 5.6
The calculation [[]g = [[ o I] = [I]g[[]ﬁ shows that [I]g = ([1]{”, =1
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Example 5.7

problem in: let

1

Then,

Thus,

Let T : R? - R? be the reflection about the line y = 3x. What is [T]? First, choose an appropriate basis to model this

1 [ 3
oo

Since T'(vy) = T[g] = [;)] =1v; +0vg and T(vo) = T[_i’] = [_1 = 0vq — 1vg,

[T]S=[loT oIl
= [114,[T15[112
= [1T12(115) "

| [

1 3][1 o][1 3]t
3 -1[|0 -1][3 -1

(1 3][1 o0 1[-1 -3
3 -1]{0 -1]{ 10[-3 1
[—-4/5 3/5

| 3/5 4/5

We have been using the notion of an inverse so far that you should already be familiar with from other linear algebra courses.
We will give the math 110 definition of it next lecture.
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6 Lectureb6

6.1 Matrix Representation of Linear Transformations Recap

IfT:V > Wis linear, @ = v1,...,vpisabasisof V, B = wy,...,wy isabasisof Wand T'(v;) = a1jw1 + -+ + amjwp, for

1 < j < n,then

all a9 . ain
anq a9 . aon
A=
aAm1 aAm2 coo Amn
— B
=[TTa

is the matrix representation of 7' with respect to both @ and £.

In other words, the columns of A are [T'(v1)]g, [T (v2)lg, - .., [T(va)]g, the B-coordinates of each T'(v;). We also observed
that the change of basis matrix from a-coordinates to 3-coordinates is simply just [/ ]'fi, where [ : V — V is the identity map.

Example 6.1
Let D € L(P3(R), P2(R)) be defined by Dp = p’. The bases of P3(R) and P2 (R) are the polynomial standard bases

1,x,x2%, x> and 1, x, x? respectively. Then,
01 00
[D1$={0 0 2 0
0O 0 0 3
since
D(1)=0 =0-1+0-x+0-x>
Dx)=1 =1-140-x+40-x2
D(x*)=2x =0-1+2-x+0- x>
D(x*) =3x>=0-1+0-x+3-x2
Example 6.2

Let D € L(P3(R),P2(R)) and Dp = p’. Find a basis a of P3(R) and a basis B of P2(R) such that
10 00
D=0 1 0 0
0 0 1 0

We seek a = p1, p2, p3, psa and B = q1, g2, g3 such that

P1 =41
P5=q2
P:’3—‘13
py=0

The last equation implies that p4 # 0 is the constant polynomial. Now, we can choose p1, p2, p3 to be any polynomials
we want in P3(R) so long as p1, p2, p3, p4 are linearly independent. For example, say
P1 =x = q1 = 3x?
pa2 = ¥ = g2 = 2x
P3=XxX = q3=x
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Are g1, g2, g3 a basis of P(R)? Lets check: a(3x?) + b(2x) + c(x) = 0 for all x € R implies that 3a =2b =c =0 =
a=b=c=0. Thus, ¢1, g2, g3 are also linearly independent and they form a basis of the 3-dimensional space P5(R).
Note that this solution is not unique.

Example 6.3: 3C Exercise 3

LetdimV =n,dimW =m and T € L(V,W). Prove that there is a basis a of V and 8 of W such that M(T) = [T]ﬁ has
0 for all entries other than the (j, j) entries along the diagonal, which are all 1 for j < dimrange(7’). In other words,
letting r = dim range(T'), the matrix M (T) should look like

1

(115 = Orx(n=r)
1
O(m—r)xr O(m—r)x(n—r)

Proof: Recall the statement and context of the abstract version of the rank-nullity theorem. Choose a basis uy, ..., ux
of ker(T) and extend it to a basis u1,...,ux,vi,...,Vu—r of V. Let Z = span(vy,...,v,—k). Then, V = Z & ker(T)
and T'(v1), ..., T(v,—x) is a basis for range(T) as in the proof of the rank-nullity theorem from earlier. Extend this to a
basis 8=T(v1),....,T(Vu-k)s Wn—k+1,- - -, Wm of W such that W = range(T) @ span(w,_g+1, - - - » Wm). Taking these,
M(T) should have the desired form, with n — k 1s along the diagonal starting from the top-left, and Os everywhere else.

Example 6.4: 3C Exercise 4
Leta =vq,...,vybeabasisof Vand dimW =m. If T € L(V, W), prove that there is a basis 8 = wi,...,w,, of W
such that all entries of the first column of M (T) are 0 except for possibly a 1 in the (1, 1) position. In other words, the
matrix M (T) should look like

Oorl
0 other
= . |
: junk
0

Proof: There are two cases:
 Suppose T(v1) = 0. Then, choose any basis for W and M(T) will have the desired form (with a1; = 0).

e Suppose T(v1) # 0. Then choose w1 = T'(v1) and extend it to a basis w1, ..., w,, of W. Again, M(T) will have
the desired form (with a1 = 1).

Example 6.5: 3C Exercise 5
Let 8 = wq,...,w,, be a basis of W, with dimV =n and T € L(V,W). Prove that there is a basis @ = vy,...,v, of
V such that all entries in the first row of M (T') are 0 except for possibly a 1 in the (1, 1) position. In other words, the
matrix M (T) should look like

Qorl O ... O

[T]2 =] a1 c22 ... c2n
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Proof: Choose any basis y = u1, ..., u, of V. Suppose

C11 C12 ... Cin
B _ [co1
[T1y =
There are again two cases:
1. If 11 = c12 = -+ - = ¢1, = 0, we can choose @ = y and we are done, with the matrix M (T) having c¢1; = 0.

2. Otherwise, choose some c1; that is not 0 and let

Uj
vy =—
Clj
Vi =Ui—1 — C1,i-1V1 2<i<y
Vi = U —C1,V1 j+l<i<n
Taking @ = v1, ..., v, results in M(T) of the desired form with ¢1; = 1.

6.2 Isomorphisms

Definition 6.1: Invertible
T € L(V,W) is called invertible if there exists an S € L(W, V) such that ST = Iy and T'S = Iy.

Note 6.1
If S exists, then it is unique and we denote it by 7! (this is reminiscent of the inverse notation for scalars).

Theorem 6.1
T € L(V,W) is invertible iff T is injective and surjective.

Definition 6.2: Isomorphism
An isomorphism is an invertible linear map between vector spaces. Two vector spaces are isomorphic if there is an
isomorphism from one to the other.

Note 6.2
If V and W are isomorphic, we denote thatby V = W.

Theorem 6.2
Two finite-dimensional vector spaces over F are isomorphic iff they have the same dimension.

Proof: We will prove both directions:

e Suppose dimV = dimW = n. Choose a basis vi,...,v, of V and wy,...,w, of W. By theorem 4.1 of this note
(not Axler), we can let T(X7_; cxvi) = X}_; cxwi define a unique linear map from V to W. It is surjective because
span(wi, ..., w,) = W and injective by the linear independence of w1, ..., w,. Thus, T is an isomorphism so V = W.

¢ We will now show that if finite-dimensional V and W are isomorphic, then dimV = dim W. If vy, ..., v, is a basis of
Vand T : V — W is surjective, then span(T(v1),...,T(v,)) = W. Thus, dimW < dimV = n. Since T is injective,
the vectors T(v1),...,T(v,) are linearly independent and n = dimV < dim W. Combining the two inequalities yields
dimV =dim W = n.
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Example 6.6

Choosing bases @ = vy, ...,v, of Vand 8 = wy, ..., w, of W sets up isomorphisms between V = R" and W = R via
the maps @ and S respectively. Furthermore, these also “induce” an isomorphism from £(V, W) to My n(R) = R™
(the set of all m X n matrices). To visualize these, look at the following commutative diagrams:

v —L s w

B
jrr —Tlo \ pm

LV, W)

T._y xmg

Minn(R) > M (R)

14

NgAUS

AN

2= go(y)"1 4

14

[1]3=60(8)7"

The first commutative diagram shows that L(V, W) = M,, ,,(R) via the linear map 7' [T]'f, givenby BoT o (@) L.
The second diagram condenses this and shows the same isomorphism with a different bases y of V and ¢ of W.
However, [T]fys = [T]ﬁ (the matrix representations with respect to both sets of bases) are themselves isomorphic, and
this isomorphism is induced by the change of basis maps that are presented in the third and fourth diagrams.

Note 6.3
In the case that V = W and @ = B, we get that L(V, W) +— M,, ,(F) (or equivalently 7 +— [T]%) is actually a ring
(called an F-algebra) isomorphism!

6.3 Discussion Problems

Problem 6.1
Show that if T : V + W is linear, then ker(7) and range(T) are subspaces of W.

Answer: Should be pretty straightforward using the conditions of a subspace.

Problem 6.2
Suppose that dimV = dim W = n < oco.

1. Show thatif 7 € £L(V, W) is injective, then it is also surjective.
2. Show that if 7 € L(V, W) is surjective, then it is also injective.

Answer: Use the rank-nullity theorem!

Problem 6.3
Construct explicit counterexamples of V, W and T that will disprove both of the statements above if dim V' # dim W.
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Problem 6.4
Suppose T € L(R5,R?) and § € £(R?,R5). What are the possible dimensions of

1. ker(T)

2. range(T)
3. ker(S)

4. range(S)

5. ker(T o S)

6. range(T o S)
7. ker(SoT)

8. range(SoT)

Answer: By the rank-nullity theorem,

dimker(T) | dimrange(T) | dimker(S) | dimrange(S)
5 0 0 3
4 1 1 2
3 2 2 1
2 3 3 0
dimker(7T o S) | dimrange(T o S) | dimker(SoT) | dimrange(SoT)
0 3 5 0
1 2 4 1
2 1 3 2
3 0 2 3

Note that dim ker(7’) has to be lower bounded by 2 since dim range(7") < 3. Similarly, dim range(.S) has to be upper
bounded by 3 since dim ker(S) > 0.

Since ker(S o T) C ker(T), we get that dim ker(S o T') < dim ker (7). Again, following the same logic, we also get that
dim ker(7 o S) < dim ker(S).

Problem 6.5
Suppose that 7 : V — W is an injective and surjective linear map. Show that the inverse map 7! : W + V is linear.

Problem 6.6
Consider the map T : R — R? that orthogonally projects R? onto the plane x — y + 2z = 0. Compute [T]¢, the matrix
representation of T' with respect to the standard basis of R>.

Answer: First, start off by finding a basis for the plane. Observe that we have 2 free variables (say x and y) and one
dependent variable (say z). Then,

x=1y=1 = z=0
x==-2,y=0 = z=1

-2 1
Thus, [ O and [1]| will form a basis for the plane. To find a basis for the vectors perpendicular to the plane, take the
1 0
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cross product of the two vectors above to get —1 Then, a = [ ], 1], [—1 will form a basis for R® and
0 0
1 0
0 0

1
[T]a =10
0
Then,
(T1e = 1G[T1a1]g
2 1 1][1 o0 o][-2 1 -
=lo 1 =1llo 1 ol 0o 1 -
10 2/lo oofl1 o0 2
Problem 6.7

Let T : R? — R? be the reflection about the line y = x and S : R? > R? be the reflection about the line y = 2x. Give
[T1¢, [S1S, [T o S]¢ and [S o T]S.

Answer: This is the same problem as example 5.7, but with the numbers changed. To retrieve [T o S|S and [S o T[S,
just multiply [T]¢[S]S and [S]¢[T]¢ respectively.

Problem 6.8
Let P be the set of all polynomials on R and W be the set of all infinite sequences of real numbers. Define T € L(P, W)
by T f = (f(0), f/(0), f7(0), f”/(0),...). Is T injective and/or surjective? Define range(T’) and ker(T).

Answer: T is not surjective since (1,1,1,...,1,...) € W (this is a sequence of all 1s). This sequence cannot be in
range(T) since a polynomial of degree n has f*1) (x) = f("*?)(x) = - .- = 0 and each polynomial must have a finite
degree. However, T is injective. If f = co+c1x + cox’+ - +cx"and Tf = 0, then

f0)=co = ¢co=0
f(0)=c; = ¢1=0
f7(0)=2co = c3=0
F(0)=3ca = ¢3=0

and so on. Thus, ker(T) = {0(x)}
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7 Lecture?7

7.1 Review Problems

We just went over review problems for the upcoming midterm.
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8 Lecture8

8.1 Eigenvectors and Eigenvalues

Definition 8.1: Operator
IfT € L(V,V) = L(V), then it is a linear operator.

Theorem 8.1
If V is finite-dimensional and T € L(V), then the following are equivalent:

1. T is invertible
2. T is injective

3. T is surjective

Proof: The proof is left as an exercise for the reader. Though, it should follow pretty easily from the rank-nullity theorem!

Definition 8.2: Invariant
A subspace U of V is invariant under T or T-invariant if 7(U) = range(T) C U, i.e.,Tu € U forallu € U.

Example 8.1
Let T : R? — R? be the counterclockwise rotation about the z-axis by 7 radians, i.e.,
V2/2 —V2/2 0
[T1e=1{v2/2  V2/2 0
0 0 1
Then, R3 has

» one 3-dimensional T-invariant subspace, namely R®
* one 2-dimensional T-invariant subspace, namely the xy-plane
* one 1-dimensional T-invariant subspace, namely the z-axis

 one 0-dimensional T-invariant subspace, namely {0}

Example 8.2
Let T : R? — R? be the orthogonal projection onto the plane spanned by v; and vy and let v3 be their cross-product.
This plane, i.e., span(v1, v2), is T-invariant, as is the normal line to the plane, given by span(vs)

The previous example is a special case of the following simple proposition:

Theorem 8.2
If T : V + Vis linear, then range(7) and ker(T) are both T-invariant.

Example 8.3
Let T : R? — R? be the rotation counterclockwise by 6 radians, where 6 is a non-integer multiple of 7 (i.e., § #

oo, =, 0,7, 21,31, .. .). Then, T has no 1-dimensional T-invariant subspaces.
Proof: Let U = span(v) for some v # 0. Then, U being T-invariant would imply that 7(U) = {0} or T(U) = U.
However, T is invertible and 7' does not rotate any line to itself. So 7 has no 1-dimensional 7T-invariant subspaces.
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Definition 8.3: Eigenvector and Eigenvalue
Suppose v # 0 and Tv = Av for some A € F. We then say that V is an eigenvector of 7 (with eigenvalue A) or that v is a
A-eigenvector of T'.

Note 8.1
Observe that span(v) is a 1-dimensional 7-invariant subspace of V iff v is an eigenvector of 7. Thus, the 1-dimensional
T-invariant subspaces of V are precisely the spans of the eigenvectors of 7.

Example 8.4
Let T : R? — R2 be a rotation counterclockwise by 6 suchthaté # ..., -n,0, 7, 2m,3n,.... Then, T has no real-valued
eigenvalues. More on this later in the course.

Example 8.5
Let T : R3 > R? be defined by T'(a, b, c) = (b, c,0). What are its eigenvalues and eigenvectors?
a a b Ada
Tv=Adv = T|b| =2|b| = |c|=|4b
c c 0 Ac
0 a
IfAa#0,thenc=0 = b =0 = a =0. However, |0 = 0 cannot be an eigenvector. So, 4 = 0 and [Of is a
0 0

0-eigenvector of 7.

Note 8.2
In the example above, T is the left or backwards shift in R®. Note that span(ey, e3) is T-invariant but span(e1, e3) and
span(es, e3) are not.

Example 8.6
Let 7 : C? — C? the linear map given by T'(w, z) = (—z, w). What are its eigenvectors and eigenvalues?

T(w,z) =A(w,2)
(=z,w) = (Aw, A7)

Note that z = 0 = w = 0 and vice versa. However, (0,0) cannot be an eigenvector. Then, combining the two
equations,

Since z # 0, we get that 12 = =1 = A = +i. Then, the i-eigenvectors are given by {(w, —iw) | w € C,w # 0} and the
—i-eigenvectors are given by {(w,iw) | w € C,w # 0}.

Another observation: let V be finite-dimensional, T € £(V). Then,
Aisaneigenvalue of T &= Fv #0,Tv =Av
— W #0,Tv-Av=0
— 0, (T-A)v=0
— ker(T — Al) + {0}
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In particular, 7 being invertible is equivalent to saying that 0 is not an eigenvalue of 7. If T is not invertible, then ker(7T") =

<= T — Al is not invertible
= T — Al is not injective

&= T — Al is not surjective

span(0 — eigenvectors) U {0}.

Example 8.7: 5A Exercise 23
Let V be finite dimensional and S,7 € £(V). Prove that ST and T'S have the same eigenvalues.

Proof: Suppose that STv = Av for A # 0 and v # 0. Then, T(STv) = T(Av) = ATv. Since Av # 0, we know that
STv # 0 = Tv # 0 (otherwise, Tv = 0 would imply S(0) = 0, which is not the case here). Thus, T'v is a A-eigenvector
of T'S. This proves that non-zero eigenvalues of ST are all eigenvalues of 7'S too.

Next, note that ST is invertible iff T'S is invertible (ST invertible <= S invertible and T invertible < TS
invertible). So, 0 is an eigenvalue of ST iff 0 is an eigenvalue of T'S.

Example 8.8: 5A Exercise 28
Let V be finite dimensional, with dimV > 3, and T € £(V) such that every 2-dimensional subspace of V is T-invariant.
Prove that T = ¢! for some ¢ € F.

Proof: Choose any v # 0. Extend to a basis v, vs,...,v, of V. Since span(v,vs) is 2-dimensional and T-invariant,
Tv = ¢,V + covy for some ¢y, co € F. Again, span(v, vg) is also 2-dimensional and T-invariant so Tv = d,,v + dsvg for
some d,, ds € F. However, since v, vo, v3 are linearly independent, v = Tv = ¢,v + ca2vy = d,v + d3v3 implies that
c2 =0=dsand c, =d,. Thus, Tv = c,v for this unique ¢, € F.

Now, we will prove the uniqueness of this c¢,,. Choose any w # 0. We need to show that ¢, = ¢,. If w = av, then
Tw =cyw = T(av) =aTv =ac,v = c,(av) = c,w. So, ¢, = ¢y, as required. However, if w ¢ span(v), then v and
w are linearly independent and

T(v+w)=cppw(v+w)
= CytwV T CyppW

Tv+Tw =c,v+cyw

This implies that ¢, = ¢y, = ¢y4w and T = ¢! for ¢ = ¢, as desired.

Theorem 8.3
Let T € L(V). Suppose A1, ..., 4, are distinct eigenvalues of T" with corresponding eigenvectors vy, ..., v,,. Then,
V1,...,Vny are linearly independent.

Proof: Suppose the list of eigenvectors vy, ..
vi € span(vy,..

Applying T to both sides,
Tvk = /lkvk
=a1d1vi+- -+ ag-1dg-1vi-1
but
v = Ag(@vy + -+ + ag-1vig-1)
= a1 dgvy + -+ ak — 1A ve_1
However, vq, ..., vi_1 are linearly independent by the choice of k defined above. Thus,

/lkvk - /lkvk =0
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(a1d1vi+- - +ag1dg-1vi-1) — (a1 dgvi + -+ +ak = 1;vi-1) = 0
ay(dy —Avi+- -+ ag-1(Ag-1 — A)ve-1 =0

Then, a1 (A1 — Ag) = -+ = ag-1(Ag—1 — Ax) = 0. Since all A; are distinct, this implies that a; = --- = ax_1 = 0 so v = 0.
However, this contradicts that v is an eigenvector, so v1, . .., V,, are indeed linearly independent.
Theorem 8.4

If T € £(V) and dim V = n, then T has at most n distinct eigenvalues.

Proof: Eigenvectors corresponding to distinct eigenvalues are linearly independent but V can’t contain a list of linearly inde-
pendent vectors greater than n.

Example 8.9: 5A Exercise 13
Let V be finite dimensional, T € £(V) and A € F. Prove that there exists some « € F such that | — | < Tloo and
T — al is invertible.

Proof: Either T — A (i.e., A is not its eigenvalue) is invertible, in which case we can choose @ = 1. Or 4 is an eigenvalue
of T. Since T has at most dim V many distinct eigenvalues, there are at most dim V' values of

1
A-——<a<A+—
1000 1000
that will make 7' — o/ non-invertible. However, F is assumed to be some infinite field (like R or C) and only finitely
many values of a are excluded from the range above. Therefore, you can always choose some other « that will not be
an eigenvalue of 7, making T — «/ invertible.

Example 8.10: 5A Exercise 30
Suppose T € L(R®) and —4, 5, V7 are eigenvalues of 7. Prove that there exists some x € R® such that (T — 9I)x =

(-4, 5,V7).

Proof: Since dim R3 = 3, the scalars —4, 5, \/7 are the only eigenvalues of 7. Thus, 9 is not an eigenvalue and 7 — 91 is
invertible. Hence, we can always find an x = (T — 91) "' (-4, 5, V7).

Example 8.11: 5A Exercise 29
LetT € L(V), dimrange(T) = k and dim V = n. Prove that T has at most k + 1 distinct eigenvalues.

Proof: We will give two proofs of this statement:

1. Suppose that 7" has j distinct non-zero eigenvalues. Choose the corresponding eigenvectors vi,...,v;. Let
Ui, ..., Un—k be abasis of ker(7T) and also the eigenvectors with eigenvalue 0. Then, v1,..., v ,u1,...,uy—k are
linearly independent.

Suppose ¢1vy + -+ +cjv;+diuy +- - +dy_guy—g = 0. Then,

T(civi+---+cjvj+diur+---+dp_gun_r) =T(0)
c1/11v1 +~~-+cj/1jvj =0

Since vi, ..., v; are linearly independent, c14; = --- = ¢jA; = 0. However, since all A; # 0, this further implies
thatcy =---=c¢; =0. Thus, dyuy +-- -+ dy_xun—r = 0. However, as u1, ..., u,_ are linearly independent too,
we getthatd) =--- =d,_x = 0.

Thus, the eigenvectors span a dim span(vy,...,v;) = j dimensional subspace of V' \ ker(7). Since j < k and

there can be no more than & different eigenvectors in range(T), the operator T has at most j + 1 < k + 1 distinct
eigenvalues (the final +1 comes from the 0 eigenvalue as dim ker(7) > 0).
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2. LetAy,...,4; be the distinct non-zero eigenvalues of T'. Let vy, ..., v; be the corresponding eigenvectors. Then,
T(vi) = Avi
T(jl_z) =v;
Therefore, vy, ...,v; € range(T) are linearly independent. Thus, j < k. Since it can also have the 0 eigenvalue

for everything in ker(T'), the operator T will have at most j + 1 < k + 1 distinct eigenvalues.

Example 8.12: 5A Exercise 19
Let T € L(V) and define it as T(x1,...,x,) = T(x1 + -+ Xp,..., X1 + -+ + x,). What are its eigenvalues and

eigenvectors?

Proof: [T]¢ should look like the following:

1 1 1

1 1 1
me=1. .

1 1 1

Note that dim range(7T) = 1 which, by the rank-nullity theorem, implies that dim ker(7") = n — 1. Thus, 0 has to be an
eigenvalue of 7', and there must exist n — 1 linearly independent 0-eigenvectors of 7" in ker(7"). Row-reducing the matrix
above will yield

11 ... 1
00 ... 0
RREF([T]) =|. .
0 0 0
Thus,
X1+xo+--+x,=0
X1 =—Xg == Xp
—Xg — - —Xp -1 =ll =1
X2 1 0 0
X3 = X3 0 + X3 1 + Xy, 0
Xn 0 0 1

and the vectors in the linear combination above will form a basis for ker(7). Thus, their span will include all of the

eigenvectors associated with 2 = 0.
From the example above, we know that there can be at most one more distinct eigenvalue of T and since range(7T') = 1,

only one distinct eigenvector. Observe that

1 ... 1fja na a a 1
oo s = =l = ‘| la€F; =span||:
1 ... 1f|a na a a 1

works for A = n.
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9 Lecture9

9.1 Polynomials of Linear Maps

Definition 9.1: Integral Powers of Linear Transformations
Suppose T € £(V) and m is a positive integer. Define 7" = T o - - o T (T composed with itself m times) and T° = I,
the identity operator on V. If T is invertible, then let 7~ = (T~1)™.

Note 9.1
One line proofs show that 77" = T™*" and (T™)" = T™".

Definition 9.2: Polynomials of an Operator
IfT € L(V)and p € P(F)is p(z) = ag+a1z+asz’+- - -+a,7" forall z € F, then p(T) = agl +a1T+asT?+- - -+a,, T™.

Note 9.2
If T € L(V), then the map P(F) — L(V) given by p — p(T) is linear.

Recall that if p, g are polynomials, then (pq)(z) is defined to be p(z)q(z). Following this, some multiplicative properties of
p.qeP(F) andT e L(V) are

1. (pq)(T) = p(T)q(T)
2. p(T)q(T) = q(T)p(T)

Example 9.1: 5B Exercise 7
Suppose T € L(V). Prove that 9 is an eigenvalue of T2 iff 3 or -3 is an eigenvalue of T

Proof: IfTv = Av with v # 0, then T(Tv) = T(Av) = AT(v) = A(Av) = A%v. Thus, v is an A%-eigenvector of T2. Letting
A = +3 concludes that 9 is an eigenvalue of T2.

On the other hand, if 9 is eigenvalue of T2, then T2 — 91 = (T — 3I)(T + 3I) is not invertible, which implies that at
least one of T — 31 or T + 31 is not invertible. Thus, at least one of —3 or 3 (or both) is an eigenvalue of T'.

Example 9.2: 5B Exercise 4
Suppose P € £(V) and P2 = P. Prove that V = ker(P) @ range(P).

Proof: Forevery v € V, it can be rewritten as v = v — Pv+ Pv. However, v — Pv € ker(P) since P(v —Pv) = Pv—P?v =
Pv — Py =0 and Pv € range(T) by definition. Thus, V = ker(T') + range(T).

To prove that this sum is a direct sum, we also need to show ker(7) N range(7T) = {0}. Let y € range(P) and
y # 0. Then, y = Px for some x € V and Py = P2x = Px = y # 0. Thus, only y = 0 is in both ker(P) and range(P).
Therefore, V = ker(P) @ range(P).

Theorem 9.1
Every operator on a finite-dimensional, non-zero, complex vector space has at least one eigenvalue.

Proof: Suppose dimV =n > 0 and T € L(V) where V is a vector space over C. Pick some v € V such that v # 0.

Then, v,Tv,T?v,...,T"v must be linearly dependent as it is a list of length n + 1 is an n-dimensional vector space. So,
apv+a1Tv+---+a,T"v =0 for some aq, ..., a, € F such that not all a; = 0. In fact, it must be some a; for 1 < i < n thatis
nonzero because a1 = ---=a, =0 = agv =0. Since v # 0, it follows that ag = 0.

Consider p(z) = ag + a1z +azz> + - -- + a,z". By the fundamental theorem of algebra, this polynomial factors into a product
of linear terms, i.e., p(z) = c(z—=A1)...(z=A4,) forc,A1,...,4, € C,and ¢ # 0. Thus,

agv+ai1Tv+---+a,T"v=0
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(apl +arT+---+a,T")v=0
(T=0)...(T=A,1)v =0

Thus, T — A;1 is non-injective (and consequently non-invertible) for at least one j — all such A; will be an eigenvalue of 7.

Example 9.3: 5B Exercise 13
Let W be a complex vector space and 7 € L£(W) has no eigenvalues. Prove that every T-invariant subspace of W is
either {0} or infinite dimensional.

Proof: We will proceed with contradiction. Suppose U # {0} and U is a finite-dimensional T-invariant subspace of W.
Then, U is a finite dimensional complex vector space and T'|y € L£L(U). Thus, T|y has some eigenvalue A2 € C and an
associated eigenvector v € U. However, Tv = T|yv = Av so v is a A-eigenvector of T as well, which is a contradiction.

9.2 Upper Triangular Matrices

Definition 9.3: Upper Triangular
A matrix is upper triangular if all entries below the main diagonal are equal to 0, i.e., if i > j, then a;; = 0.
Example 9.4
01 0 1 2 3
Some examples of upper-triangular matrices include [0 0 1fand |0 4 5].
0 0 0 0 0 6
Theorem 9.2
LetT € £L(V) and @ = vy, ..., Vv, be a basis of V. Then, the following are equivalent:
1. [T]¢ is upper triangular
2. Tv; € span(vy,...,v ) foreach j=1,...,n
3. span(vi,...,v;)is T-invariant foreach j = 1,...,n
Proof: Suppose
T(vi) T(vz) T(vs) ... T(vn)
vi [ an a2 a3 ... din
%] 0 a9 assg e asn
[T]Z = V3 0 0 ass - asn
Vn 0 0 0 . Ann

Note that statement | <= statement 2 is apparent from the definition of upper triangular matrices and the picture above.

Moreover, statement 3 already implies statement 2 so the only implication we really need to show is from statement 2 to statement
3. We know that

Tv, € span(vy) C span(vy,...,v;)
Tvy € span(vy, va) C span(vi,...,v;)
Tv; € span(vy,...,v;) Cspan(vy,...,Vv;)
Thus, for any v € span(vi,...,v;), the vector Tv € span(vy,...,v;), making it 7-invariant as desired.

Linear Algebra 42



Math 110, Summer 2021 Notes Aryan Jain

Theorem 9.3
Let V be a finite-dimensional complex vector space and T € L£(V). Then, there is a basis @ of V such that [T]¢ is upper
triangular, i.e., the operator T is “upper triangular”.

Proof: 'We will proceed by induction on n = dim V:

* Base Case: For n = 1, this statement is trivially true since there is an a € C such that for any basis @ of V, [T]§ = [a].

¢ Suppose now that dim V > 1 and the desired result holds for all complex vector spaces with dimension less than dim V.
Let A be an eigenvalue of 7 (which exists since V is complex and dim V > 0). Moreover, let U = range(T — AI). Since
T — Al is not surjective, U is a proper subspace of V. In other words, dim U < dim V.

Note that U is still T-invariant. Why? For u € U, write Tu = (T — Al)u + Au. Both parts of the sum are in U so Tu € U.
Thus, Ty € L(U).

By the induction hypothesis, there must be a basis y = u1, ..., u,, of U where [T|U];’ is upper triangular. Following the
theorem above, for each j < dim U = m, we get that Tu; = (T|y)(u;) € span(uy,...,u;).
Expand uy,...,u, toabasis @ = ug,...,Um,v1,...,v; of Vsuch that = n — m. Write Tvy = (T — Al)vy + Avy and

observe that (T — AI)vy € range(T — Al) = U = span(uy,...,uy,). Then,
Tvy € span(ui, ..., Um, Vi) Cspan(uy, ..., Um, Vi, ..., Vk)

for all k. Thus, [T]§ is upper triangular.

Theorem 9.4

If T € L£(V) has an upper triangular matrix representation [7]%, then T is invertible iff all the entries along the main
diagonal of [T are nonzero.

Proof: Let @ = vy, ...,v, be the basis of V with respect to which T has an upper-triangular matrix representation. We will
prove both directions of this theorem:

* Let the diagonal entries A1, ..., 4, of [T]5 be nonzero. Observe that Tvy = A1v; or, equivalently, v; = T(%). Thus,
v1 € range(T).

Next, T(/vl—z) = avi + v for some a € F such that a = % Since T(/Vl—z) and avy are both in range(T), then so is v
(since range(T) is a subspace). We can continue this process (because we keep dividing by non-zero A; only) and notice

that all v; for i < n are in range(7). Thus, span(vy, ..., v,) = range(T) so T is surjective, and thus invertible.

e First, since Tvy = Avy and v; # 0, 41 and v; are an eigenvalue-eigenvector pair. Since T is invertible, 11 # 0.

Next, let 1 < j < n and suppose A; = 0. Then, T maps span(vy,...,v;) to span(vi,...,v;_1). However, this would
mean that T restricted to span(vy, ..., v;) is not injective, i.e., there is some v € span(vy,...,v;) such that v # 0 but
Tv = 0. This would contradict the invertibility of T', so A; must be nonzero.

Theorem 9.5

If T € L(V) has some upper triangular matrix representation [T]§, then the eigenvalues of T are the diagonal entries of
(T13-

Proof: Note that

A1 % * %
0 Ay = %
[T]¢ = 0 0 A3 *
0 0 0 An
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Let A be some eigenvalue of 7. Then,

A1 —A4 * * *

0 Ao — A * . *

[T—/ll]gz O O /13—/1 k
0 0 0 Ay, — A

According to the theorem above, this matrix is not invertible iff 1; —1=0 = A; = Aforsome j. Since T — Al =T — A;1 is
only non-invertible for 7’s eigenvalues, the diagonal entries A1, ..., 4, must indeed be the eigenvalues of 7.

Example 9.5: 5B Exercise 14
Give an example of an operator whose matrix with respect to some basis contains only Os on the diagonal, but the

operator is still invertible.

Answer: Consider T : R2 — R? to be the reflection about the line y = x. Then,
0 1
e _
[T]e - [1 0]
For a different example, consider S : R2 — R2, which is defined as a rotation counterclockwise by % radians. Then,

L)

This example demonstrates that the upper-triangular condition is necessary to prove non-invertibility.

Example 9.6: 5B Exercise 15
Give an example of an operator whose matrix with respect to some basis contains only non-zero numbers on the diagonal,

but the operator is not invertible.

Answer: Consider T : R? — R? to be the orthogonal projection onto the line y = x. Then,

. (12 12
[T]e‘[l/z 1/2}

is not invertible since 7 is not surjective.
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10 Lecture 10

10.1 Diagonal Matrices

Definition 10.1: Diagonal
A matrix A € R"™" is diagonal if A;; = 0 fori # j,i.e., A is of the form

A 0
A= .
0 An
Note 10.1
If T € £(V) and [T], is a diagonal matrix with A1, ..., 4, along its diagonal (refer to the matrix above), then each A
is an eigenvalue of T since the basis @ = v1, ..., v, will tell us that the jth column of [T yields Tv; = 4;v;.

Definition 10.2: Eigenspace
If T € £(V) and A is an eigenvalue of T, then

E(A,T) = Ex(T) = E) = {4 — eigenvectors of T} U {0} = ker(T — Al)

is the A-eigenspace of T

Theorem 10.1
Each E(4,T) is T-invariant.

Proof: There are many proofs of this fact. Here are two for fun:
e Ifve E(A,T), thenTv =AvsoT(T(v)) =T(Av) = ATv. So, either Tv = 0 or Tv is a A-eigenvector.
* Another way to view this:
(T-Awv=0 = To(T-AU)v=0 = (ToT-Todl)y=0 = ToT-UoT)v=0 = (T-A)oTv=0

soTv € ker(T — AI) = E(,T).

Definition 10.3: Diagonalizable
T € L(V) is called diagonalizable if the operator 7" has a diagonal matrix with respect to some basis of V, i.e., there is a

basis @ such that [T is diagonal.

Example 10.1
Let T : R? — R? be the orthogonal projection onto the plane spanned by linearly independent vectors vy and vo. Let
span(vs) be the normal line to this plane (i.e., v3 = vi X v2). Let @ be the list of these three vectors. Then,

[T]e =

OO =
o = O
o O O

Example 10.2
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Following the previous example, consider the plane x — y + 2z = 0. Then,

-2 |1 1
a:{vlvv2,v3}: 0 > 1 5 -1
11 10 2

Note that

1

12)”

11 o o][-2 1 1
-1{{o 1 off 0 1 -1
2[lo 0 0 0

[T1e = G [T1a (1

=2
0
1

O = =

1 2

is not diagonal. In other words, the diagonal matrix representation of an operator depends on the choice of basis.

Theorem 10.2
Let V be finite dimensional and 7 € L£(V). Let 14, ..., 4,, denote the distinct eigenvalues of 7. Then, the following
statements are equal:

1. T is diagonalizable

2. V has a basis consisting of the eigenvectors of 7' — this is also called the eigenbasis

3. There are 1-dimensional T-invariant subspaces Uy, ...,U, suchthatV =U; & --- @ U,
4. V=EA1,T)®---®E(Ap,T)

5. dimV =dimE(A,,T) +---+dim E(A4,,,T)

Proof: We will prove multiple equivalences:

e statement | <= statement 2

As already shown above,

H1
(T1a =
Hn
is diagonalizable for the basis of eigenvectors @ = v1,...,v, satisfying Tv; = u;v; for each j. There are A,, distinct
eigenvalues but some of them can be repeated, i.e., Tv; = Av; and Tv; = Av; for the same A so we will take u1, ..., y, to
be the sequence of all eigenvalues that permit repetitions.
* statement 2 <= statement 3

If vq,...,v, is the eigenbasis T, let U; = span(v;). Then, U; is a 1-dimensional T-invariant subspace of V. Since
Vv =c1v1+---+cuvy, forc;v; € U; for some cq,...,c, € E,wehavethatV=U; +---+U,.

Now suppose 0 = u1 +--- +u, where u; € U; for each j < n. Since u; = c;v;, we know that 0 = ¢1vy + -+ +cpvp.
However, v1,...,v, are linearly independent so ¢; = --- = ¢, = 0, and u; = 0. Thus, Uy N---NU, = {0} and

V=UL®- - ®U, is adirect sum.

Lets prove the other direction. If U; is 1-dimensional and T-invariant, then any v; # 0 with v; € Uj is an eigenvector of

T. Thus, vy, ...,v, spans V since V = U; + - - - + U,, and the linear independence of eigenvectors implies that vy, ..., v,
is the basis of 7.

e statement 2 —> statement 4
The eigenbasis of T implies that any vector in V is a linear combination of vy, ...,v,. So,V = E(11,T)+-- -+ E(4,,,, T).

However, this sum is also direct —if 0 = wq + - - - + w,, for w; € E(4;,T), then the linear independence of eigenvectors

(of distinct eigenvalues) implies that w; = O for all j. Thus, V = E(11,T) @ --- ® E(4,, T).
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* statement 4 — statement 5
This is immediately follows from the factthat V=U & W = dimV =dim U +dim W.

e statement 5 = statement 2
Suppose dimV = dim E(21,T) + - - - + dim E(A,,, T). Choose bases for each E(4;,T) and combine them to form a list
v1,..., Vv, of the eigenvectors of 7" such that dim V = n.

Suppose c1v1 + -+ cuvy = 0. Let u; be the sum of the terms cgvy such that vy € E(A;,T). Then, u; € E(4;,T)
and uy +--- +u, = 0. Since the eigenvectors corresponding to different eigenvalues are linearly independent, u; = 0.
However, 0 = u; = }; cxvk as defined above, but as all v; are linearly independent as well (they form the basis of

E(4;,T)),all cg =0. Thus, 0 = uy + -+ +uy = c1vy +- - +c,v, implies that all vy, . .., v, are linearly independent as

a whole and are, consequently, a basis.

Example 10.3
Let T € £(R?,R?) such that T(e1) = e; and T(e3) = eq + eo. Then,

e |1 1
[T]e - [0 1
Is T diagonalizable?

Answer: Note that A = 1 is the only eigenvalue of T (since [T']¢ is upper triangular, its eigenvalues lie along its diagonal).
Then,

E(1,T) = ker(T - I) = ker([T — I1¢) = ker([T]¢ - [1]¢) = ker ([8 (1)}) = span ([é})

Thus dimR? = 2 # 1 = dim E(1,T), making T not diagonalizable.

Theorem 10.3
If T € £(V) has n = dim V distinct eigenvalues, then T is diagonalizable.

Proof: Suppose 11, ...,4, are n distinct eigenvalues of 7. Choose corresponding eigenvectors vy, ...,v,. Since they are
linearly independent by the distinctiveness of A1, . .., 4,, they form a basis of V and the matrix representation of 7 with respect

to this basis looks like
A1

A2

An

Observe that the matrix above is clearly diagonal, and each of its eigenspaces will be 1-dimensional.

Example 10.4

If T € L(R?) is represented by [T]¢ = [1 instead, it is diagonalizable.

0 2

10.2 Similar Matrices

Consider the following commutative diagram:
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The top layer is the matrix representation of 7 in the « basis, while the bottom layer is with respect to the 5 basis. Can you find
vertical maps (the ?s) to make the following diagram commute? Yes! Consider the following diagram:

o T8
v —L vy
Bl% =\
© [T_]ﬁ ’

Notice that

(715 = (Boa HITIg(ae ™)
= (5[50

As we have already known so far!

The main idea behind change of basis is as follows: we can convert from a basis § to a basis a, apply some transformation 7
in basis @, and then convert back to basis 8. This composition will achieve the same effect as applying the transformation 7" in
basis g directly.

For the sake of notation, let P = [ ]g be the change of basis matrix from the “new” basis (the basis in which we are seeking to
represent T') to the “old” basis (the basis in which we already know the representation of T'). Consequently, the matrix P~! can
be interpreted as the map that will retrieve and convert to the “new” basis the result of applying T in the “old” basis. In other
words, the linear map above can be rewritten as [T]g =P L[T]2P.

We can generalize this idea further by the concept of similar matrices.

Definition 10.4: Similar
Let B, A be n x n matrices. Then, B and A are similar iff there is some invertible matrix P such that B = P"1AP.

Theorem 10.4
Matrices A and B are similar iff for any isomorphism ¢ between V = R”, there exists a T € £(V) and bases @ and 8
such that A = [T]$ and B = [T]g.

Proof: Slight note about notation: let the matrices and their corresponding linear transformations be denoted by the same
symbol. For example, P is a matrix but it also denotes the operator P : R" + R such that P(x) = Px. We will now prove both
directions of the biconditional:

cIfB=[T)Pand A = 712 for some T € L(V), then we can simply take P = [I]¢ and let B = P~"1AP.

* Given the isomorphism ¢ and B = P~LAP for some P, let B = v1,...,v, where vj= ¢‘1(ej), ie., let B = ¢. Now, let
@=Pof=Po¢p = a !=¢"1oP ! (why? it will make sense at the end). With this, letu; = ¢~} (P 1e;) and take
@ =ui,...,uU,. This gives us our choice of bases for a given ¢ and P.

We want B = [T]g for some T € £(V). Note that setting 7 = 3~! o B o 8 will work based on the following commutative

diagram:
v—L v
Bkl l“
R? ——— R”
(715

B
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Since A = PBP~! and [T]2 = [1]g[r]§[1]§, we can simply let A = [T]5 and P = [I]g. This further justifies our choice

for defining & = P o 3 earlier since [/ ]g is precisely defined as & o 871, as we saw in chapter earlier!

Example 10.5: 5C Exercise 2
Let V = ker(T) @ range(T). Is T € L(V) diagonalizable? No. Consider

iz =] 1|

It is non-diagonalizable but still invertible. Thus, ker(7) = {0} (from injectivity) and range(T) = V (from surjectivity),
satisfying V = ker(T) & range(T) = {0} @ V.

10.3 Discussion Worksheet

Problem 10.1
Prove that if v; and v4 are eigenvectors of 7 with distinct eigenvalues, then v; and v are linearly independent.

Problem 10.2
Show that T and S~'7'S have the same eigenvalues. What is the relationship between the eigenvectors of 7' and those of
S™1TS?

Problem 10.3
Suppose that u, v and u + v are eigenvectors. Prove that they correspond to the same eigenvalues.

Problem 10.4
Suppose T € £(V) and T" = 0 for some integer n > 0. Prove that / —T is invertible and that (/-T)~! = [+T+---+T"" 1,

Problem 10.5
Let p € P(F),S,T € £(V) and S be invertible. Prove that p(STS') = Sp(T)S~ 1.

Problem 10.6
Suppose T € L(V) and v be a A-eigenvector of T. If p € P(F), then prove that p(T)v = p(d)v.
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11 Lecture 11

11.1 Inner Products

Example 11.1
Let V = R". Recall that the dot product of two vectors u,v € R" is given by u - v = u1vi + - - - + upvy,.

The usual Euclidean notions of the “length” of a vector and the angle between two non-zero vectors in R" can be completely
recovered in terms of the dot product:

1. Lengthof u € R™is |lull = Vu-u = \Ju? +---+uj

2. Angle between u, v € R". From the law of cosines, notice that
2 2 2
v —ull® = llull” + [[v]I* = 2[[ull||v]| cos 6
2 2
v—u)- (v —u)=lull”+Iv[I* = 2[ullllv]| cos 6
2 2 2 2
VIIF =2 - v) + [lull” = {lull” + |Iv[I” = 2{|ull||v]| cos &

[|u||||v||cos@ =u - v

u-v
6 = arccos (—)
[l |V 1]

Note 11.1
Therefore, u and v are perpendicular (orthogonal) iff u - v = 0. We also declare that u = 0 is orthogonal to all vectors in
a vector space.

However, the length and angle notions determined by the dot product are not the only ones we could impose on R". We can
generalize the dot product by axiomatizing and abstracting its key features, in a similar way to our abstractions of addition and
scalar multiplication (first lecture) to the concept of a vector space over a field. Experimentation, time and reflection lead to the
abstract notions of an “inner product” on V and an associated “inner-product space”.

Definition 11.1: Inner Product
Let V be a vector space over F. An inner product (-, -) on Visamap (-, -) : VXV — Fsatisfying the following properties:

* Positivity: (u,u) > Oforallu e V

¢ Definiteness: (u,u) =0iffu =0

Additivity: (u+v,w) = (u,w) + (v,w) forall u,v,w € V
e Homogeneity: {(Au,v) = Au,v) forallu,v e V,A1 € F

¢ Conjugate Symmetry: (u,v) = (v,u) forallu,v e V

Definition 11.2: Inner Product Space
The collection of a vector space V and its inner product (-, -) is known as an inner product space.

Note 11.2
(u, vy = (v, u) = A, u) = A (v,u) = Au,v)

Note 11.3
If F =R, then z = zZ. Then, (&, v) = (v, u) and (u, Av) = A{u, v).
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Example 11.2
Here are some examples of common inner products:

1. For V = R", define the regular dot product (u,v) =u-v =ujvy +---+u,v,
2. For V = C", define the complex dot product (u,v) =u-v=u1 vy +---+u, v,

3. For V = [?(N) (sequences with values in F such that o1 zi zi < o), define (z, w) = 2,72, 7 Wi

4Fmsz%u;u)zvecqup|[ﬂﬂ@?&hu<mL®qug>=[}ﬂ@Z5¢

Note 11.4
In general, the complex dot product is generally also called the Euclidean inner product.

Example 11.3

Let V = F". The Euclidean inner product is given by (z,w) = z3 wi+--- + 2, w,. Why not define it as simply
(z,w) = z1w1 + -+ + z,w,? Because we want {z,z) > 0 for all z € V but z = { for F = C makes it so that
(i,iY=i-i=-1<0.

Example 11.4

Let V = F" and (-, -) be an inner product on V. Suppose A is a matrix of the form A = BB* where B is an n X n matrix,
A is invertible and B* = BT is the conjugate transpose of B (more on this in the next chapter). Then, (u,v) = (Au, v)
is also an inner product on V. Actually, any inner product on V has this form for some A where (-, -) can be taken to be
the Euclidean inner product on V.

Definition 11.3: Norm and Angle
If (-, -) is an inner product on V, then ||u|| = +/{u, u) is the norm (“magnitude” or “length”) of . Similarly,

<M, V) )

lluel vl

6 = arccos (

is the angle between u and v for u, v # 0.

Definition 11.4: Orthogonal
If (u, v) is an inner product on V, then u and v are orthogonal if (u, v) = 0.

Theorem 11.1
0 is the only vector orthogonal to itself.

Proof: (v,v) =0iff v = 01is an axiom for (-, -) to be a valid inner product.

Theorem 11.2: Pythagorean Theorem
Let u, v be orthogonal in an inner product space V. Then, ||u + vlI? = Jlull® + |Iv)|%.

Proof:

||u+v||2=(u+v,u+v)
=(u+u)y+v,u)y+u,v)+(v,v)

2 2
= [lull” + (v, u) + Cu, v) + V]l
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If u, v are orthogonal, then (u, v) = (v, u) = 0. Then, (v, u) = 0 too. Thus, |lu + v||* = ||u]|® + ||v]| as expected.

Definition 11.5: Orthogonal Projection

Letu,v € V and b # 0 for an inner product space V with inner product (-, -). Then, there is a unique ¢ € FF and a unique
w € V such that u = ¢v + w and (v, w) = 0. This unique cv is called the orthogonal projection of u onto span(v) or
PrOj,, U OF PIOjgpan(y) 4. The vector w is, thus, uniquely determined to be u — projgpan v -

Proof: We require that u = cv + w with (v,w) = (w,v) = 0. Then, w = u — cv and,

(w,v) =0
(u—cv,v)y =0
(u,v) —c{v,v) =0

(uv) _ () e PIOjspan(v) ¥ = CV = Eztiv

vav) 7wl

This implies that ¢ =

Theorem 11.3: Cauchy-Schwarz Inequality
Let V be an inner product space with (-, -) as its inner product. Then, |{(u, v)| < ||ul|||v|| for all u,v € V with equality iff
u and v are linearly dependent/parallel.

Proof: 1f v =0, then [u, 0)| = 0 = [|u|[||0]|. Otherwise, u = Projspan(y) % + (U = PrOjspan(y) #)- Let W = u = projsan(y) u for
convenience. Then,

lell? = [[projapance ul* + 1wl
> [[Projspancy) ull”

(u,v) |I°

v,v)

[, )2

- 2
vl

v

The first statement follows from the Pythagorean theorem. Then,
el * vl = G, v) I
el = 1<u, v)

We have an equality iff w = 0, i.e., u — projspan(yy 4 =0 = u = Projgpan(y)  since this implies that u and v lie on the same
line (i.e., they are linearly dependent/parallel).

Theorem 11.4: Triangle Inequality
[lu +v]| < ||lu|| + ||v||. This is an equality iff # and v are linearly dependent via a non-negative scalar.

Proof: Quick fact: the absolute value of a complex number z = a + bi is |z| = Va2 + b2 so Re(2)2=a?2<a?+0b2=|7)? =
Re(z) < |z]. Now,
N+ V)% = (u+v,u+v)
= Nlull® + (v, uy + (s v) + [[v])?
= [lull? + (. v) + vy +|Iv]|?
2Re({u,v))
< Jlull® + 21w, v)] + v

2 2
< lall® + 2ful[lIv]] + V]I
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= (llull + 1IvID?

Taking the square root, ||u + v|| < ||u]| + ||v||. This is an equality iff ||u]|||v]| = |{u, v)| = Re({u, v)). Cauchy-Schwarz says that
[|ul||Iv]] = [{u, v)]| is true iff u and v are linearly independent. Moreover, Re({u, v)) = |{u, v)| = 0 is true iff the scalar relating u
to v is also non-negative.

Theorem 11.5: Parallelogram Equality/ldentity
[l + VI + llu = vII® = 2([Jul® + |Iv]1%)

Proof: Just expand both sides:

||u+v||2+||u—v||2 ={u+v,u+v)+{u—v,u—v)
=(u,u)y + (vyu) +{u,v) + (v, v) +{u,u) — (v,u) — {u,v) + (v, v)
=2({u, u) +(v,v))
= 2([lul|® + [Iv]1?)

Example 11.5: 6A Exercise 11
Prove that if a, b, ¢, d are all > 0, then

1 1 1 1
16£(a+b+c+d)(—+—+—+—)
a b ¢ d
1. Attempt #1
a 1/a
b 1/b 2 .
Letu = c and v = 1/c . Then, (u,v) =4 = |[{u,v)|” = 16. Cauchy-Schwarz gives us:
d 1/d

2 2 2
[, 17 < Nl 1]

= (u,u)(v,v)
1 1 1 1

2,12, .2, 42
=(@+b°+c"+d)|=+=+=+—=
a? b2 2 a2

This, is not exactly what we want. Lets try something else.

2. Attempt #2

Va 1/Na
Now, let u = \/lg andv = i;://é . Then,
Vd 1/Vd

(V) < el PIv ]I
«/E.im/l?.iﬂ/z.iw/ﬁ.iz < (u,v)|v, vl
Va Vb Ve vdl

1 1 1 1
|1+1+1+1|2s(w/52+\/32+w/52+\/22) — =
V@ B VeV
1 1 1 1
6<(a+b+c+d)|—+—+—-+—
a b ¢ d

So, Cauchy-Schwarz gives us the desired inequality.
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Example 11.6: 6A Exercise 10

Find vectors u,v € R? such that u is a scalar multiple of (1,3) and v is orthogonal to (1,3) and u +v = (1,2). Let
u = (c,3c) for some ¢ € R and let v = (a, b). Then (v, (1,3)) = (a,b) - (1,3) =a+3b =0 = a = -3b. Since,
u+v=(1,2), then

(¢,3¢)+ (=3b,b) =(1,2)

c—-3b=1
3c+b=2
Solving the system yields b = = and ¢ = 15. The, u = (5, 2L) and v = (3, - ).
11.2 Normed Vector Spaces
Definition 11.6: Norm
Let V be a vector space over F = R or C. A norm on V is amap ||-|| : V + R such that

1. |lv]| = 0iff v =0, else ||v|| > 0 otherwise
2. ||av|l = |A]||v|| forally € V,2 € F

3. |lu+v| < |lu|| +||v]| for all u,v € V (triangle inequality)

Example 11.7
If V is an inner product space, then ||v|| = 4/{v, v) makes V a normed vector space as well.

However, there are many interesting examples of normed vector spaces for which the norm is not induced by an inner product!

Example 11.8
Let p-norm on x € R" or x € C" for p > 1 be defined as

1
Il = (1 ]? + -+ [xa|P) 7 for p # o0
||‘x||00 = maX{|X]_|, v ey |xn|}

Observe that ||-||,, is a valid norm on F". However, establishing the triangle inequality for p # oo, p # 2 is not an easy
task, so it has a special name: Minkowski’s Inequality (proved using Holder’s Inequality).

Note 11.5
Note that ||-||,, indeed comes from an inner product iff p = 2.

Example 11.9: 6A Exercise 18, 6A Exercise 21
Prove the fact above for R2. Let u = [(1)] andv = [(1)] Then,

lu+v]2 = (17 + 17) 7
2
=927
llu = v[2 = (17 +|-1|P) 7

2
=2r

Linear Algebra 54



Math 110, Summer 2021 Notes Aryan Jain

2 % 2 2
2(llull3 + [IV12) = 2((17 +07)5 + (07 +17)5
=4

If [|-]|, is induced by an inner product, then it would satisfy the parallelogram identity:

2 2 _ 2 2
llee + w5 + llee = vil5 = 2(0ully + lIvI)
2 2
2% +25 =4
21*5 = 92

Then, 1 + % =2 = p = 2is the only norm induced by an inner product, namely the Euclidean inner product.

Example 11.10
Here is a visualization of what different norms look like:

p =00 p=4 p=2 p=1 p

N

In order, from left to right:

e Unit circle for the co-norm given by {v eR? | |lv|joo = 1}. Note that ||v||, = max ;<o \vj|, so this shape lies along
x = +1,y = £1, creating a square.

 Unit circle for the 4-norm is given by {v eR? | |Ivlly = f/ vl + ol = 1}. It is also called a “hyper ellipse”.

e Unit circle for the 2-norm is given by {v eR? | |Iv|ly = \/|v1|2 +|vol? = 1}. This is the normal unit circle.

* Unit circle for the 1-norm is given by {v € R? | ||[v|l; = |[v1] + |v2| = 1}. This diamond shape can also be obtained
manually by doing casework with absolute values.

* Unit circle for the %-norm is given by {v eR? | ||v||% = (Wi + \/E)Q = 1}. However, if 0 < p < 1, then [|-],,
actually is not a norm because it satisfies [[u +v||,, > |[lu]|,, + [[v]|,, (the flipped triangle inequality) instead!
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12 Lecture 12

A note on L2-inner products. Consider V = L?([-1,1]) = C([-1,1],R), i.e., the set of real-valued functions continuous on
the interval [—1, 1]. Then, (f, g) = f_ 11 f(x)g(x) dx makes V a valid inner-product space. Here is a generalization of it:

v=L2(R)={f;RHR|/m|f(x)|2dx<oo}

Therefore, the inner product (f, g) = f_ O; f(x)g(x) dx will make V a valid inner-product space again.
However, how do we know for f, g € L?(R), the inner product |(f, g)| < co? Recall that the Cauchy-Schwarz inequality says:

Kol < fIgl

s([:uuwdﬂiﬁjmuwdﬁé

The right hand side is a product of two finite quantities so the inner product must be finite as well!

‘[mfumanu

12.1 Orthonormality

Definition 12.1: Orthogonal and Orthonormal
A list of vectors is orthogonal if each vector in the list is orthogonal to all the other vectors in the list. A list of vectors
is orthonormal if it is orthogonal and each vector in the list has norm 1.

Note 12.1

The list of standard basis vectors e, . . ., e,, is orthonormal since <ej, ek> =0for j # k and <ej, ek> =1forj = k.
Note 12.2

Notation: from now on, the list ey, . . ., e,, represents a general orthonormal list, and not necessarily a sub-collection of

the standard basis. Everything should be fairly clear with context.

Example 12.1
Examples of orthonormal bases:

1. The standard basis of F" (defined for the Euclidean inner product)

2. ( NARVEL ﬁ), ( \/6) is an orthonormal basis in R° (again, with respect to the Euclidean
inner product)

Theorem 12.1
If e1,...,em is orthonormal in V, then ||aieq + - - - + amem||® = |a1|? + - - - + |am|?

Proof: Following the Pythagorean theorem,

larer +- -+ amemll* = larer]|* + - + lamemll”
= larPlleall® + -+ lamlllemll?

2 2
=lai|®+- - +aml
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Theorem 12.2
If eq,..., e, is orthonormal, then a1e1 +---+a,e,, =0 = a1 =---=a,, =0.

Proof: Following the results from above,

ajer+---+amen =0
lazer +---+amenl? = 0]

lar? + -+ laml* =0
Since |a;| = 0 for j < m, la1)?+-+|am|>’=0 = a1 = =a, =0.
Some consequences of this theorem:

* A non-zero orthogonal list is always linearly independent.

e IfdimV =nandeq,...,e, is orthonormal, then it is a basis.

Theorem 12.3
Ifey,..., ey are orthonormal and v = aje1 +- -+ + auep,, thena; = <v, ej> and

2 2 2
WlI® = (v, )" + -+ [ (v, em)|

Proof: Foreach j < n,

(v,ej>=a1<el,ej>+'~+aj<ej,ej>+~-~+am<em,ej>
=a;-0+---+a;-1+---+a,-0

Then,
v=A{,v,er)er+---+{v,emen
2 2 2
IVII* = v, end|" + -+ [{v, em)]

The last equality simply follows from theorem 12.1.

Theorem 12.4: Gram-Schmidt Process
Ifvy,..., v, are linearly independent in V, consider the process given by

e Lete; = vi”

v

» For j =2,...,m, define e; inductively to be

Vi~ <Vj’el>el - (Vj,ej—1>€j—1

) ||Vj - <Vj’ €1>€1 - <Vj’ej—1>ej—1”

€j

Then, e1, . .., e, is an orthonormal list of vectors in V such that span(vy,...,v,) = span(eq, ..., e,) foreach j < m.

The proof of the validity of this process is given in Axler. However, what is the intuition/idea behind these formulas? Note that
e is just vy normalized. Consider va — Projgpan (v, ) v2- This is orthogonal to vy but span(e;) = span(vy) so

V2 — projspan(vl) V2 =V2 — projspan(el) V2
_ (v en)en
2
lleall
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=vy —(va,e1)el
va —(va,e1)eq

g = —mM8M8M M

lva = (va, er)enll

Then, e is a normal vector that is orthogonal to span(vi) = span(e;). Note that vo can be rearranged to be a linear

combination of both e; and e2 so vo € span(es, e3). Moreover, as v1 € span(e;) C span(eq, es), this further implies that

span(vy, ve) = span(eq, e2).

. V3=PIOjspan(eq.eq) V3
Now, consider the vector e3 = H span(e.cz)

V3—=PIOJspan(vy.ve) V3

- = - that is a normal vector like e; and es.
V3~PIOJspan(vy,vo) V3” HV?’_pro.]span(el,ez) V3H

Vj=PIOJspan(vy,..., vi-1) Vi

Repeat this process. At each intermediate step, you will consider the vector e = H : H
Vf_pronpaI)(vl ..... "j—l) vj

However, there is an issue to deal with here. What does projgyan(y, .....v;_;) v €ven mean in this context? We have so far only
defined the concept of orthogonal projections for the case where the span is 1-dimensional.

Theorem 12.5
Suppose x € V and U is a subspace of V. Then, x = y + w for unique y € U and unique w such that {y, w) = 0. Define
projy x =y and, thus, w = x — projy x.

This is just an extension of the definition of orthogonal projection from earlier but it certainly explains the meaning of projecting
onto a subspace.

Theorem 12.6
This is a special case of the theorem above. Suppose that ey, ..., e, is an orthonormal bases of U. Then, proj;; x =
(x,e1)er + -+ (x,em)em.

Proof: Suppose thatx = y+w with y € U and (y,w) = 0. So, y = c1ey +- -+ cpe,,. We already know that each ¢; = <y, ej>.
Therefore, if proj; x indeed exists, it must be
prOjUx = <x» el>el +o <X, em>em

However, this certainly must exist since ey, . . ., e,, does.
Using a simple algebraic calculation (that I have omitted here), you can verify that (x, e1)e] + - - - + {x, e, )€, has the desired
property that it is orthogonal to x — (x,e1)e1 — - -+ — (X, em)em.

Note 12.3
This argument shows that if ey, . . ., e, is orthonormal, then

projspan(el ..... em) — projspan(el) + projspan(eg) +eo 4+ projspan(em)

We have effectively reduced the issue above to the following: we know that U being finite dimensional will imply that it has a
basis, but we don’t have an argument for whether it has an orthonormal basis. For that, we can either appeal to Gram-Schmidt,
which would be circular reasoning, or we need to prove this fact independently. We will just assume for now that this statement
holds (and proofs of it that function without Gram-Schmidt do indeed exist out there).

Then, the definition of e; from earlier can be substituted with

Vj ~ POJspan(e,....e;1) Vi vi—(vj.er)er = =(vj,ej1)ej1

61' =
Sincev; = PIOjspan(er....ej-1) Vit (v; =Projspancen ..., er)V j),.the Vf:CtOI: e; (.ltS un-normalized version, for now) 1s.orthogona1
to all vectors in ey, ..., e;_1. Since all e; are normal vectors, this further implies that e1, .. ., e; is orthonormal as intended.

We will now prove the existence of an orthonormal basis using the Gram-Schmidt method, which is an easier proof than the
ones alluded to above.
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Theorem 12.7
Every finite dimensional inner product space V has an orthonormal basis.

Proof: Let vy,...,v, be a basis of V. Apply the Gram-Schmidt process to obtain an orthonormal list ey, ..., e, such that
span(eq,...,e,) =span(vy,...,v,) =V. Since eq, .. ., e, is a spanning list of length n in V, it is n-dimensional and hence a
basis.

Theorem 12.8
Suppose V is finite-dimensional and ey, ..., e, is an orthonormal list in V. Then, e, ..., e, can be extended to an
orthonormal basis of V.

Proof: Extend eq,...,e, toabasis e1,...,em,V1,...,Vn—m of V. Apply the Gram-Schmidt process on this list to obtain an
orthonormal basis of V as desired.

Theorem 12.9

Let T € L(V). Suppose [T]g is upper triangular for some basis 8. Then, there exists another basis a of V such that

[T]% is upper triangular too.

Proof: The matrix [T]ﬁ being upper triangular implies that span(vy, ..., v;)is T-invariantforall j < nand 8 = v1,...,v,. Ap-
ply the Gram-Schmidt process to B to obtain an orthonormal basis & = e1, ..., e,. Since span(eq,...,e;) = span(vi,...,Vv;)
for all j < n throughout the process, then span(ey, . .., ¢,) is T-invariant too. Then, [T]% is upper-triangular as well.

Theorem 12.10: Schur
If V is a finite-dimensional complex inner product space and T € L£(V), then there exists an orthonormal basis of V such
that [T]§ is upper triangular.

Proof: This is a direct consequence of the previous few theorems, and the upper triangular condition covered in lecture 9.

12.2 Linear Functionals

Definition 12.2: Linear Functional
A linear functional on V is a map from V to F.

Definition 12.3: Dual Space
The dual space V* = L(V, F) is the set of all linear functionals on V.

Theorem 12.11: Riesz-Representation Theorem
Let V be a finite-dimensional inner-product space and V* its dual space. If ¢ € V*, then these exists a unique u € V such
that ¢(v) = (u,v) forallv € V.

Thus, if we let ¢, be the functional given by ¢, (v) = (v,u) for all v, then u + ¢, defines an anti-isomorphism, i.e., an
isomorphism from V onto the dual space V* of V.

Definition 12.4: Dual Basis
If V is a finite-dimensional vector space and vy, . .., v, is a basis of V, then V* has a so-called dual basis to vy, ..., v,.

Proof: Define 61(c1vi+---+cpvp) =C1,...,05(c1vi+ - +cpvy) =cyforédy, ..., 0, € V',

* Let’s check that 61, ..., d, is linearly independent: If ¢161 +- - -+ ¢,6, = 0, then (¢161+---+¢,6,)(v) =0forallv e V.
However, letting v = v; gives us ¢; = 0, implying that the aforementioned functionals are indeed linearly independent.
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e Let’s check that 61, ...,0, spans V*. Letv = c1vy +---+c,v, and ¢ € V*. Then,

¢(v) = p(cr1vi+- -+ cpvn)
=c1¢(vi) +- - +cnd(vn)
=¢(v1)o1(c1vi) + -+ ¢(vn)on(cnvn)
=¢(v1)o1(v) +- -+ ¢(vi)n(v)
= (@(v1)01 + -+ d(vy)on) (V)

forallv e V. So, ¢ = ¢(v1)o1+ -+ d(vy)b,.

Theorem 12.12
Since V is finite dimensional, then so is V*. As they have the same dimension, V = V*. Similarly, V* = V**, which
implies that V = V**.

Let’s construct this “natural” (or “canonical”) isomorphism.

Proof: Letv € V. Define v € V** such that v(¢) = ¢(v) € Fforall ¢ € V*. Thus, V(¢ +¢) = (¢ +¢)(v) = ¢(v) + ¢(v) =
V(#) +V(¢) and v(c) = (¢h)(v) = ch(v) = V().

* Next, we check that the map v — ¥ is linear:
(v +w)(¢) = ¢(v+w)

P(v) + ¢(w)
v(¢) +w(4)

for all ¢. Also, R
(cv)(¢) = ¢(cv) = cp(v) = cv(9)

Since ¥ satisfies both additivity and homogeneity, the map ~ : V +— V** is indeed linear.

* Now we will show that " is injective. Suppose ¥(¢) = 0 for all ¢. Let v = c1v1 +--- + cpv,. Look at v(6;) = 6;(v)
where each §; is defined in the same way as earlier. Therefore, ¥(6;) =0 = 6,;(v) =0 = c¢; =0. Thus, ¥(¢) =0
for all ¢ implies that c; =--- = ¢, = 0sov =0. Then, ker(v) = {0} and v : V — V** is injective.

Based on the grounds of dimensionality, ¥ is an isomorphism.

Example 12.2: 6B Exercise 1
For some 6 € R, show that (cos 6, sin 8), (- sin 6, cos 8) and (cos 8, sin ), (sin §, — cos ) are orthonormal bases of R2.
Furthermore, show that any orthonormal basis of R? has one of these two forms.

e The first part is trivial since the taking the inner product of both vectors for both sets of bases would yield
cos B sin 8 — cos @ sin § = 0. Moreover, for each vector given above, their norm is cos? 6 +sin? 0 = 1. Thus, they
are indeed orthonormal bases.

* For the second part, let (a, b) € R2 be a normal vector. Thus, a2 + b2 = 1, which indicates that it lies on the unit
circle. Then,

[a] _|cos@

|b|  |siné

for some unique 0 < 6 < 2. Now suppose (x, y) € R? such that it too is a normal vector, but

(:

Thus, (x, y) must also lie on the unit circle and based on the representation of (a, b) shown earlier, it only has the
two possibilities given in the first part of the question.

n
s =ax+by=0
,y_> Y
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Note 12.4
The matrices representing the two bases above are special:

. [cos 6 —siné

. represents a rotation in R? about the origin, counterclockwise by 6 radians.
sin 6 cos 6

cos @ sin 6 . . . .
LI represents a reflection in R? about the line that has an angle of g with the x-axis.
sinf —cosf

Thus, the example above essentially tells us that all orthonormal transformations on R? are either rotations or reflections. This
goes into Lie Group theory, but you can define the orthonormal group O (2, R) to be the set of all 2 X 2 orthogonal matrices
and the special orthonormal group SO(2,R) to be the set of all rotations on R? (i.e., all matrices in O (2, R) with determinant
1). This can be generalized to higher dimensions as well. This seemingly abstract concept actually has multiple applications in
fields like computer graphics and robotics!
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13.1 Review Problems

We went over a practice midterm and a past midterm in preparation for midterm 1.
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14

14.1

Lecture 14

Orthogonal Complements

Definition 14.1: Orthogonal Complements
Let U be a subset of the inner product space V. The, U+ = {v € V | {v,u) = 0,Yu € U} is the orthogonal complement
of U.

Properties of the orthogonal complement:

1.

U+ is a subspace of V.

Proof: By linearity of inner product in the first variable.

{0} =v
Proof: {0} ={v eV |{v,0) =0} =V since (v,0) forallv € V.

AV ={0}

Proof: Letv € V. Then, (v,v) # 0if v # 0. Thus, if v # 0, then v ¢ V*. So, V* = {0} since 0 € V* following the
definition of a subspace.

If U is a subset of V, then U N U+ = {0}
Proof: Ifu € U, then {u,u) = 0iff u =0. So,ifu € Uandu # 0, then u # U+,

If U and W are subsets of V,then U C W — W+ C U+

Proof: If v € W+, then (v,w) = 0 for all w € W. However, if u € U, thenu € W. So, if v € W+, then (v,u) = 0. So,
v eUtand Wt Cc Ut.

Theorem 14.1
Suppose that U is a finite-dimensional subspace of V (where V itself doesn’t need to be finite-dimensional). Then,
V=Ue U

Proof: By property 4 given above, U N U+ = {0}. We will show that V = U + U*. Choose any orthonormal basis e1, ..., e,

of U. Write
v={v,e1)er+-+{(v,emem+ (v —(v,er)er — - = (v,em)em)
u w
Then, u € U since ey, ..., e, span U. Thus, we only need to show that w € U*. Look at <w, ej>:
(woej)=(v-ue;)

=(v.e;) —(u.e;)

=(v.ej) = (v.¢;)
since e1, ..., e, are orthonormal anyway. This holds for any vector in span(eq, ..., e,) sow € U* as intended.

Note 14.1

Note that the above theorem can fail if U is not finite-dimensional.
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Theorem 14.2
If U is a subset of V, then U C (U+)*.

Proof: If w € U+ and u € U, then {u, w) = 0. However, (w,u) = (u,w) = 0 as well. Since w € U* is arbitrary, u € (U+)*L.
Thus, U € (U*)* as intended.

Theorem 14.3
If V is finite-dimensional and U is a subspace of V, then U = (U*)*.

Proof: If V is finite-dimensional, then V = U @ U+ and V = U+ @ (U*)*. Thus, dimU = dimV — dim U+ = dim(U+)*.
Since U € (U™*)* was just proven, we get that U = (U+)*.

Note 14.2
Note that (U+)* C U can actually fail if V is infinite-dimensional, which is why the finite-dimensional constraint is
added here separately.

Theorem 14.4
Let U be a finite-dimensional subspace of V. Then, V = U & U*. So, if v € V, then v = u + w for a unique u € U and a

unique w € U*. Define proj, (v) = u = (v,e1)e1 + -+ (v, em)en, where e, ..., e, is any orthonormal basis of U.
Note 14.3

Note that this theorem just restates what we already took for granted in our explanation of the Gram-Schmidt process
earlier.

Following the definition of an orthogonal projection, we can now list some its basic properties:
1. P =projy : Vi U C Vislinear
2. range(P) = U and ker(P) = U+
3. P2=P
4. |lprojy ()| < |lv|| forallv e V

Proof: ||v||* = |lprojy(W)||* + |Iv = projy (W)|I? = |lprojy (v)||* by the Pythagorean theorem

The proof of the remaining properties should be fairly easy and is, therefore, left as an exercise for the reader.

14.2 Least Squares/Minimization

Theorem 14.5
Let U be a finite dimensional subspace of V and u € U, v € V. Then, ||v — proj,; (v)||> < ||lv — u||? for all u with equality

if u = projy (v).

Proof: Observe that

lv = ull® = v = projy (v) + projy (v) - ul®

= |lv = projy (WII* + llprojy (v) — ul?
by the Pythagorean theorem. So, ||v — ull® > ||v - plrojU(v)ll2 with equality if u = projy (v).

Let A be an m X n real valued matrix and b € R". Then, the linear system Ax = b may have no solutions or it can even be
inconsistent. However, we can always find a “least squares solution” that minimizes ||Ax — bllg. First, lets prove a few claims:
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Theorem 14.6
(row space of A)* = ker(A)

Proof: Letry,...,r,betherowsof A. Then, Ax = 0iff ;-x = Oforalli < m. So,row(A) = ker(A)* & row(A)* = ker(A).

Theorem 14.7
im(AT) = col(AT) = row(A) = ker(A)*.

Theorem 14.8
Let T : R™" — R be represented by 7'(x) = Ax where A is an m X n matrix and R", R are Euclidean inner product
spaces. Then, ker(A) = ker(AT A).

Proof: The direction ker(A) C ker(AT A) is trivially clear since Ax =0 = AT Ax = AT0 = 0. Now, suppose that AT Ax = 0.
Then, Ax € ker(AT) and Ax € im(A) = ker(AT)*. However, R™ = ker(A”) ® ker(AT)* so Ax =0 = x € ker(A).

Suppose that v minimizes the least squares error, i.e., [|Av — bl < ||Ax — b||, for all x € V. Then Av = proji,a) b &
b— Av € im(A)* = ker(AT) =row(A) = AT(b-Av)=0 = ATAv = ATbh.

In conclusion, a “least squares” solution to Ax = b exists and is an exact (i.e. not approximate) solution to the “normal” equation
given by ATAv = ATh.

Example 14.1: 6A Exercise 6
Suppose u, v € V. Prove that (u,v) = 0 iff ||u|| < |ju + av|| forall a € F.

Proof: Note that

llu +av||® = (u+av,u+av)

= llull® + a(v,u) +adu, v) +laf*|v?

If (u,v) = (v,u) = 0, then |ju+av|® = ||u|® + |a]?||v]|* = ||ul®>. Conversely, suppose that |[u]|*> < |ju + av||* for all
a € F. Then,

llu+avl® = llull® = lalIVII* + a(v, u) +adu, v)

>0
If v = 0, then (i, v) = 0 as desired. However, if v # 0, then let a = _”<V””‘2’> to get
2 2 2
| (u,v2>| _ I(u,vgl _ _|<u,vzl 50 = () =0
(vl [IvII (]|

Example 14.2: 6C Exercise 8
Suppose that V is finite-dimensional and P € £(V) such that P? = P and ||Pv|| < ||v|| for all v € V. Prove that there is
a subspace U C V such that P = Py.

Proof: Let U = range(P). We claim that P = Pyy. Now, V = U & U+ = range(Py) ® range(Py)*. If u € range(P),
i.e.,u = Pxfor somex € V, then Pu = P%x = Px = u and Pyu =u. So, P and Py agree on U = range(P) and we need to
only prove that ker(P) = ker(Py) = range(Py)* = range(P)*. Towards this, let u € range(P) and w € ker(P). Then,
[|ull = |P(u+aw)|| < |lu+ aw||? by the preceding example. Thus, {u, w) = 0 and ker(P) C range(P)*. However, as
dim ker(P) = dimrange(P)+, we get that ker(P) = range(P)*. So, if v = u + w, then Pv = Pu = Pyu = Pyv.
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Example 14.3
Let p € P3(R) and p(0) =0, p’(0) = 0. Our goal is to minimize f01(2 +3x — p(x))2 dr.
Let p = a+ bx +cx?>+dx3 and p’ = b+ 2cx + 3dx?. Then, p(0) =0 = a=0and p’(0) =0 = b =0.

Equivalently, p = cx? + dx3, and the basis of this subspace is x2,x3. However, we need an orthonormal bases for

U = span(x?,x3).
Let the L2-inner product on this inner product space be {p, ) = /01 p(x)g(x) dx. Performing Gram-Schmidt,

pel - st

2
v5
%2
€1 = 7T
[l
= Vbx2
Similarly,
8 = (33, Vi) VB2
€2
o2 - 2. ez
Since,

<x3, 5x2>=/01\/5x5d_x

_¥5
"6
x5 — 252
_ 6
R
6
1
1 2
x3—§x2 = / x3—§x2 x3—§x2d_x
6 0 6 6

1 1 2
= (./0 (x6 - on‘l + £x4) dx)
1

G
62=6\ﬁ3—5\ﬁx2

Note that proj;;(2 + 3x) minimizes the least-squares error. Thus,
projy (2 +3x) = (2+3x,e1)e1 + (2 + 3x,ea)eq
1 1
= (/ (2 + 3x) (V5x2) dx)(«/5x2) s (/ (2 + 3x) (6V7x® — 5V7x?) dx | (6V7x® — 5V7x2)
0 0

203 4 9
= 10x + 24x
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15 Lecture 15

15.1 Adjoint Maps

Definition 15.1: Adjoint
LetT € L(V,W). The adjoint of T is the map T* : W +— V such that (Tv,w) = (v,T*w) forallv € Vand w € W.

Proof: We will show that T* actually exists and is unique. Letw € W and define ¢, (v) = (Tv, w). Then, ¢,, € L(V,F) = V* and
the Riesz Representation Theorem applies to ¢,,,. Thus, there exists a unique vector in V, call it 7*w, such that ¢,,, (v) = (v, T*w)
forallv € V. So, (Tv,w) = (v,T*w). Therefore, T* is a well-defined map from W to V and its uniqueness of 7*w guaranteed
by the Riesz Representation Theorem.

Theorem 15.1
T* is linear, i.e., T* € L(W,V).

Proof: Pretty straightforward using the properties of inner products. It is left as an exercise for the reader to verify this.

Example 15.1
Let T : R — R? be given by T'(x1, x2, x3) = (x2 + 3x3, 2x1). Find a formula for 7*. Let (y1, y2) € R?. Then,

(T (x1,x2,%3), (¥y1,¥2)) = ((x1,%2,%3), T*(y1, y2))
((x2 +3x3,2x1), (¥1,¥2)) = ((x1,%2,%3), T"(y1, y2))
xgy1 +3x3y1 + 2x1y2 = ((x1,%2,%3), T (y1,y2))
((x1,%2,x3), (2y2, y1,3y1)) = ((x1,X2,%3), T (y1, y2))

Thus, T*(y1,y2) = (2y2, y1, 3y1) works for all (x1, x2,x3) € R3 and (y1,y2) € R2.

Theorem 15.2: Properties of the Adjoint
1. (S+T)*=S8S*"+T*forall S,T € L(V,W)
2. (AT)*=AT*forallA e Fand T € L(V,W)
3.7 =(T*)"=TforallT € L(V,W)
4. I = [ for the identity operator on V

5. (ST)* =T*S* forallT € L(V,W)and S € L(W,U)

Proof: Most of these statements are fairly basic but we will prove properties 3 and 5 here.

¢ Proof of property 3: note that

(Tv,w) = v, T*w) =(T*w,v) = (w, (T*)*v) = ((T")"v, w)
This holds for all v € V,w € W so T = (T*)*. The uniqueness part is implicit from the Riesz Representation Theorem.
* Proof of property 5: note that

(§Tv,u) = (v, (ST)"u)
(STv,u)y = (Tv,S*u)
=, T"S"u)

Again, since this statement holds for all v € V,u € U, we get that (ST)* = T*S".
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Theorem 15.3
IfT € L(V,W), then,

1. ker(T*) = range(T)*
2. range(T*) = ker(T)*
3. ker(T) = range(T*)*
4. range(T) = ker(T*)*

Proof: The proofs of all 4 statements:

1. Suppose T*w = 0. Then, (v, T*w) =0 = (Tv,w) = (w,Tv) =0 = (w,Tv) = 0. Since v is arbitrary, we conclude
that w € range(T)* = ker(T*) C range(T)*. This argument can be reversed to obtain range(7T)* C range(T*) and

together, ker(T™) = range(T)>.
2. Following proof 1, ker(T*) = range(T)* = range(T) = ker(T*)* = range(T*) = ker((T*)*)* = ker(T)".
3. Replace T* with T in proof 1.

4. Shown as an intermediate step in proof 2.

Definition 15.2: Conjugate Transpose L
Let A € M,, »(F). The conjugate transpose of A (usually denoted by A*) is the n X m matrix B such that B; ; = A; ;.

Example 15.2
24+i 1-i 2—-i -2
IfA= _9 3 ],thenB— 14i 3]

Theorem 15.4
If T € £L(V,W) and V has an orthonormal basis e1,...,e, while W has an orthonormal basis fi,..., fi;, then
M(T*, (f1,-. ., fim), (e1,...,ey)) is the conjugate transpose of M(T, (e1,...,en), (f1,--->fm))-

Proof: Note that T* f; = (T* fj,e1)e1 + -+ -+ (T" fj, en)en. So, the jth column of M(T™) is

(T f7, e1)

[<T" fj.en)
Similarly, since Te; = (Te;, fi) fi + -+ (Tej, fm) fim, the jth column of M(T) is

-<T€j,f1>

(Tej, fin)

The (i, j)th entry of M(T™) is (T* f;, e;) and the (j, {)th entry of M(T) is (Te;, fj). Since (Te;, f) = (ei, T* f;) = (T* fj, e:)

for any two sets of bases, M(T) and M (T™) are indeed conjugate transposes of each other.

Definition 15.3: Self-Adjoint
If V is a finite-dimensional inner product space and T € L(V), then T is self-adjoint iff T = T*, i.e., (Tv,w) = (v, Tw)
forall v,w € V.
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Note 15.1
If T is self-adjoint and 8 = ey, . . ., €, is an orthonormal basis of V, then [T*]g = ([T]g)*.

Theorem 15.5
If T is self-adjoint, then all of its eigenvalues are real. This holds for 7' defined over both real and complex vector spaces.

Proof: Letv be a A-eigenvector of T and v # 0 (by definition). Then,

Tv =2y
(Tv,v) ={Av,v)
=Av|?
W, T*v) = (v,Tv)
= (v, Av)
=A|vl?

Since v # 0, we get that A = A which implies that A is real.

Theorem 15.6
Let V is a complex inner product space and 7 € L(V). If (Tv,v) =0forallv € V, then T = 0.

Proof: Note that

Tu+w),u+w)—T(u—-w),u—w) (T(u+iw),u+iw)—{T(u—iw),u—iw)
(Tu,w) = 1 + 1 i

Since (T'v,v) = 0, it follows that (Tu,w) = 0 for all u,w € V. Thus, (Tu,Tu) =0 = Tu =0 = T = 0 since this holds for

any arbitrary u.

Note 15.2
If V is a real inner product space instead, this result can fail. Consider V = R? with the normal dot product as its inner

product. Then, the counterclockwise rotation by & will not work.

Theorem 15.7
If V is a complex inner product space and T € L(V), then T =T iff (Tv,v) e Rforallv € V.

Proof: For some v € V, observe that (Tv,v) — (Tv,v) = (Tv,v) — (v, Tv) = (Tv,v) = (T*v,v) = ((T = T*)v,v). If (Tv,v) € R
forall v € V, then (Tv,v) — (Tv,v) =0 = ((T —T")v,v) for all v € V. By the previous theorem,7 - T* =0 = T =T".

Conversely, T =T* = (Tv,v) = (v, T*v) = (v,Tv) = (Tv,v). So, (Tv, v) is real.

Note 15.3
This result will fail for real inner product spaces too. As a counterexample again, consider the counterclockwise rotation

by Z. In fact, you can consider any real operator that is not self-adjoint.

Theorem 15.8
If V is an inner product space over F =R or F=Cand T = T*, then (T'v,v) = 0 for all v € V implies that T = 0.

Proof: Essentially the same proof as that of theorem 15.6.
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Note 15.4
This result just confirms the two counterexamples above since there is no non-zero operator on a real product space that
satisfies (T'v,v) = 0 for all v € V and is self-adjoint.

Definition 15.4: Normal
T € L(V) is normal iff T*T = TT*.

Example 15.3
Let T : R? — R? be such that T(c1e1 + coes) = coeq. Then, T* : R? - R? is given by T*(c1eq + coe2) = c1eq. Note
that if e = e, e is the standard basis, then

e o1
[T]e - [0 0]
se _ (00
[T ]e = [1 O]

Since T*T(e1) =0 # e; = TT*(eq), this linear map is not normal.

Example 15.4
Let T : R? — R? be such that [T]¢ = [2 B

3 2]. Then, T is normal but not self-adjoint.

Note 15.5
Following the example above, all self-adjoint operators are normal but not all normal operators are self-adjoint.

Theorem 15.9
T is normal iff || Tv|| = ||T*v|| forall v € V.

Proof: If T is normal, then
IT" =TT = TT"-T'T =0
— ((TT"-T'T)v,v) =0¥v eV
— (TT*v,v) =(T*"Tv,v)¥v €V
— (T*v,T*v) =(Tv,Tv)Vv eV

= |IT*|)? = ITv||>Vv € V

The second line follows since TT* — T*T is self-adjoint.

Theorem 15.10 B
Let T be normal. If v € V is a A-eigenvector of 7', then v is a A-eigenvector of 7.

Proof: If T is normal, then T — Al is normal. Then, the theorem above implies |[(T —Av|| =0 = [[(T-A)*v||=0 =

|(T* = AI)v||=0 = (T*—-2a1I)=0. Thus, v is a A-eigenvector of T*.

Theorem 15.11
If T is normal, then the eigenvectors of T corresponding to distinct eigenvalues are orthogonal.
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Proof: Suppose that Tvy = A;vy and Tvg = Agvs for vy, ve # 0 and A7 # Ao. Then, T being normal implies that 7*vo = A2 va.

Thus,

0= (Tvi,v2) = (v1i,T"v2)

= (A1v1,v2) — (v1,d2 va)
= (A1 — A2){v1,v2)

Since the eigenvalues are distinct, (v1,v2) = 0, making the eigenvectors orthogonal. This can be generalized to vector spaces

with dimensions greater than 2.

Example 15.5: 7A Exercise 14
Let T be normal, ||v|| = ||w|| = 2, Tv = 3v and Tw = 4w. Prove that ||T(v + w)|| = 10.

Proof: We have (v, w) = 0 since v and w are eigenvectors for distinct eigenvalues of the normal operator 7. So,

1T +w)lI? = (T +w), T(v+w))
= ||Tv||? + (Tw, Tv) + (Tv, Tw) + ||Tw]||?
= [13v]1% + (4w, 3v) + (3v, dw) + || 4w ||?
= 1312 ([v]|? + 12¢w, v} + 12(v, w) + |4]*(w)?
=9%4+12%0+12x0+16%4
=100

Thus, ||T(v + w)|| = 10 as needed.

Example 15.6: 7A Exercise 19
Let T € £(C?) be normal and 7(1,1,1) = (2,2, 2). Suppose (z1, 22, z3) € ker(T). Prove that 71 + z2 + z3 = 0.

Proof: If T is normal, then ker(7T*) = ker(T) since ||Tv]| =0 = Tv =0 and ||Tv|| = ||[T*V] = T*v = 0.
Then, (z1,22,23) € ker(T*) = range(T)*. However, (1,1,1) € range(T) since T(0.5,0.5,0.5) = (1,1,1). Then,
(z1,22,23) - (1,1,1) =0 = z1+22+23=0.
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16 Lecture 16

16.1 Spectral Theorem

Theorem 16.1: Complex Spectral Theorem
If V is a finite-dimensional complex inner product space and 7 € L(V), then the following are equivalent

1. T is normal
2. V has an orthonormal basis consisting of the eigenvalues of T

3. T has a diagonal matrix with respect to some orthonormal basis of V

Proof: We will prove directions 1 = 3,3 = land2 < 3.

e statement 3 —> statement 1

Suppose 8 = e1, ..., e, is an orthonormal basis of V and
A1
(715 =
An
is diagonal. Since S is orthonormal, .
A1
18 By _
[T'15 = (IT1)" = B
An
So,
|1 ]?
[7°715 = [T*15T15 = = [TIRIT*]; = [TT"1;
|Anl
which implies that 7*T = TT*, i.e., T is normal.
» statement | — statement 3
Suppose that T is normal. Since V is complex, by Schur’s Theorem, there is an orthonormal basis 8 = e1,...,e, of V
with respect to which 7" has an upper triangular matrix. Then,
ail a2 ... dip
as2 ... dopn
B _
(715 =
ann

We show that [T]g is actually diagonal as well. From the matrix above, note that

T(e1) =ajer
IT (eI = |ar:|?

By the Pythagorean theorem,

T*(e1) =aiiei+azea+--+ainen

. 2 2 2 2
IT*(e)lI” = lai1|” +la12]” + -+ +|ain]
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However, since T is normal, ||T(e1)||? = ||T*(e1)||? = la11]® = |lai1*+|a12|*+ - -+|ain)? = a12=---=ai, =0.
So,
T(e) = Oeq + anpes = agoes = ||T(e2)||? = |azs|?
while
T*(e2) =agzea+anzes+---+ao, en
Again, due to T being normal, [|T(e2) || = |agz|? = |asa|® +|ags|® +- - -+ |asn|? = |[T*(e2)||? = a3 =---=as, = 0.

Continuing this process n times, note that all of the non-diagonal elements of [T]g will just reduce to a 0.

¢ statement 2 < statement 3

This follows immediately from the fact that [T]g is diagonal iff B is a basis of V consisting of the eigenvectors of T'.

Now, we want to show that if V is a finite-dimensional real inner product space and T € L(V) is self-adjoint, then T has a real
eigenvalue, i.e., there exists some A € R,v € V,v # 0 with Tv = Av. First, we will define complexification.

Definition 16.1: Complexification
Let V be a real vector space. We define V¢ to be the complexification of V. That is, V¢ will be a complex vector space.

The underlying set of Vo is V XV = {(u,v) | u,v € V} and we write (u,v) € V¢ as u + iv. Then, addition in V¢ can simply be
defined as
(Lt1 + ivl) + (M2 +iVQ) = (I/ll + u2) + i(v1 + V2)

for uy,us,v1,ve € V and complex scalar multiplication can be defined as
(a+bi)(u+iv) = (au—bv) +i(av + bu)
fora,b € Rand u,v € V. It is easy to check that
* V¢ is a complex vector space
e Ifvy,...,v, is a basis of V (as a real vector space), then v, ..., v, is a basis of V¢ (as a complex vector space)
e IfV=R", then Vo =C"
If V is a real inner product space with inner product (-, -), then V¢ is a complex inner product space with inner product
(ui +ivi,ug +ive) = (ur,uz) +i{vi, uz) — i{ur,v2) +{vi, va)
Note that

(u+iv,u+ivy = u,u) +idv,u) —i{u,v) + (v, v)
2 2
= [l + vl

>0

as expected from the notion of a norm.

Definition 16.2: Operator Complexification
If T € £(V) and V is a real vector space, then Tc(u + iv) = Tu + iTv where Tc € L(Vc).

Theorem 16.2
If T is self-adjoint for (-, -) on V, then T¢ is self-adjoint for (-, -) on V¢.

Proof: This proof is left as an exercise for the reader.
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Theorem 16.3
Let V be a finite-dimensional real inner product space with 7 € L£(V) self-adjoint. Then, thereisal € Randv € V,v # 0
such that Tv = Av.

Proof: Since V¢ is complex, Tc has a at least one eigenvalue 4 € C and associated eigenvector w € Vc. Moreover, Tc is
self-adjoint so A € R. If w = u +iv foru,v € V, then Tc(w) = Aw = Tu+iTv = Au+ilv = Tu = Au and Tv = Av.
Therefore, at least one of u, v is nonzero since w is nonzero, so A has a valid eigenvector associated with it.

Theorem 16.4
Let V be an inner product space and T € L(V). If U is a T-invariant subspace of V, then U~ is a T*-invariant subspace
of V.

Proof: Suppose w € U+ and u € U. Then, Tu € U and (Tu,w) =0 = (u,T*w) = 0. So, (T*w,u) = 0. Since u € U was
arbitrary, T*w € U*. However, w € U+ was also arbitrary so U+ is T*-invariant.

Theorem 16.5
Let V be an inner product space with T € £(V) self-adjoint. If U is a T-invariant subspace of V, then U~ is also
T-invariant. Also, T'|y € L(U) is self-adjoint, as is T |y € L(U?).

Proof: U+ being T-invariant immediately follows from the theorem above. If u, w € U, then (T|yu, w) = (Tu,w) = {u, Tw) =
(u, T|yw). Thus, T|y is self-adjoint. We can show that 7’|+ is self-adjoint using a very similar calculation.

Theorem 16.6: Real Spectral Theorem
Let V be a finite-dimensional real inner product space with T € L(V). Then, T is self-adjoint iff 7 has a diagonal matrix
(with real entries) with respect to some orthonormal basis of V.

Proof: We will prove both directions

* Let’s proceed by induction for the forward direction. The base case dim V = 1 is trivial.

Suppose dim V = n. Then, T being self-adjoint implies that thereisad; € R,v; € V,v # 0with Tvy = A;v;. WLOG, let
|lvi]] = 1. Note that T'|y and T'|y+ are self-adjoint operators on spaces of dimension < n, following the previous theorem.
So, the induction hypothesis applies here and T'|y+ has a diagonal matrix with respect to some orthonormal basis @ of
U+ = span(v1)*. Let 8 be a basis consisting of v and the vectors in @. Then, 8 is orthonormal and [T]g has the form

] 000

B
(T]g =
p [Tlspancri)* |
0
Since the lower right block matrix above is also diagonal, the matrix representation of T is diagonal with respect to (.

* Suppose that 8 = ey, ..., e, is the orthonormal basis of V mentioned above and [T]ﬁ is diagonal with real entries. Then,

A1 A1
ary = - = . |=IT]

Ay An

since all 4; € R. Therefore, [T]g = [T*]ﬁ = T =T"%i.e., T is self-adjoint.
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Example 16.1: 7B Exercise 1
True of False: there exists some 7 € £(R?) such that T is not self-adjoint (with respect to the usual inner product) and
there is a basis of R? consisting of the eigenvectors of 7.

Answer: True — Let T : R? — R3 be given by

10
2 0
0 3

Then, T has three distinct eigenvalues, namely 1, 2, and 3. So, R3 has a basis consisting of the eigenvectors of 7.
However,

Thus, T* # T, i.e., T is not self-adjoint.

Example 16.2: 7B Exercise 2
Let T be self-adjoint on a finite-dimensional inner product space and that 2 and 3 are the only eigenvalues of 7. Prove
that T2 — 5T + 61 = 0.

Proof: By the (real/complex) spectral theorem, there is a basis vy, . . ., v of 2-eigenvectors of 7" and a basis vg41, ..., Vv,
of 3-eigenvectors of T such that vq,...,v, is a basis of V. Write v = c¢yv; + - - + ¢, v,. Then,

(T? = 5T +61)(v) = (T = 31)(T - 2I)(v)
= (T =3D(T = 2D)(c1vi+---+Cnvp)
= (T = 3I)(Cks1Vike1 + -+ CpVp)

since (I’ —2I)(vj) =0for1 < j < kand (T -2I)(v;) =3v; —2v;j=v;fork+1 < j < n. Also,

(T =3I (Cks1Vis1 + - -+ Cpvn) =0
(T? = 5T +61)(v) =0

since (T —3I)(v;) = 0for k +1 < j < n. The last equality holds for all v € V so we indeed have that T2 - 5T +61 = 0.

Example 16.3: 7B Exercise 3
Given an example of a T € £(C?) such that 2 and 3 are the only eigenvalues of 7 and 72 — 5T + 61 # 0. Choose a
non-diagonalizable operator on C3, like

Then,

—_
~
o
I
ot
ﬂ
+
D
~
.
S
I
~
™)
i
[
|

Clearly, T2 — 5T +61 # 0.
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Example 16.4: 7B Exercise 11
Prove or give a counterexample: every self-adjoint operator on V has a cube root.

Proof: If T is self-adjoint, then there is an orthonormal basis 8 of V such that

A1
(715 =
An
is diagonal with A1, ...,4, € R. Consider S € £(V) such that
Jay
[s15 =
Y

Then, [53]§ = ([S]§)3 = [T]g. Thus, §3 = T and S is the desired cube root of 7.

Example 16.5: 7B Exercise 14
Suppose that U is a finite-dimensional real vector space and 7 € L(U). Prove that U has a basis consisting of the
eigenvectors of T iff there is an inner product on U that makes 7 into a self-adjoint operator.

Proof: We will prove both directions:

* If there is an inner product that makes 7T self adjoint, then U has a basis consisting on the eigenvectors of 7. This
just follows from the real spectral theorem.

* On the other hand, suppose U has a basis consisting of the eigenvalues of 7, given by vi,...,v,. Define
(c1vi+--+cpvp,divy + - +dyvy) = c1dy + - - - + cpdy. According to this inner product, v, . .., v, has to be
an orthonormal basis of V. By the real spectral theorem, 7 is self-adjoint for this inner product.

Linear Algebra

76



Math 110, Summer 2021 Notes Aryan Jain

17 Lecture 17

17.1 Positive Operators

Definition 17.1: Positive
The operator T € L(V) is positive if T is self-adjoint and (T'v,v) > 0 forall v € V.

Example 17.1
If U is a subspace of V and T = Py = projy; is the orthogonal projection onto U, then Py is positive.

Proof: Orthogonally decompose v,w € V asv = Pyv + (v — Pyv) and w = Pyw + (w — Pyw). Then,
(Pyv,w) = (Pyv, Pyw + (w — Pyw)) = (Pyv, Puw) = (Pyv + (v — Pyv), Puw) = (v, Pyw)
forall v,w € V. So, P;] = Py, i.e., the orthogonal projection operator is self adjoint. Also,
(Pyv,v) = (PZv,v) = (Pyv, Piv) = (Pyv, Pyv) = |Pyv|> 2 0

for all v € V so Py is positive as well.

Theorem 17.1
T is positive iff T is self-adjoint and all eigenvalues of 7 are non-negative.

Proof: We will prove both directions:

 If T is positive, then it is self-adjoint by definition. Suppose that Tv = Av for v # 0. Then, (Tv,v) > 0 = (dv,v) =
Alv|I? = 0. Since v # 0, we get that 4 > 0 instead.

» Conversely, assume that 7 = T* and all eigenvalues of 7" are nonnegative. We need to show that (Tv,v) > O forall v € V.
By the Spectral Theorem, V has an orthonormal basis e, . . ., e, consisting of the eigenvectors of 7. Then,

v=_v,e1)er+ -+ {v,ep)e, = Tv={(v,e1)lie1+ -+ {(v,ex)d e,

where A1, ..., 4, > 0 are the eigenvalues of 7. So, (Tv,v) = [(v,e1)|?A1 +-- -+ [(v, €,)|?A, > 0, making T a positive
operator.

Theorem 17.2
Let T € L(V). The following statements are equivalent:

1. T is positive

2. T is self-adjoint and all eigenvalues of T are nonnegative
3. T has a positive square root

4. T has a self-adjoint square root

5. There exists some R € L£(V) such that T = R*R

Proof: We have already shown statement | <= statement 2. We will now prove statement 2 — statement 3 — statement
4 = statement5 = statement 1

e statement 2 —> statement 3
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By the Spectral Theorem, there is an orthonormal basis e1, ..., e, of V such that [T]¢ is diagonal with A1,...,4, > 0.

Let S € L(V) such that
Vau
[S1¢ =

VA

Then, [52]2 = ([8]%)% = [T]%, so §? = T. Since S is self-adjoint (by the Spectral Theorem), and its eigenvalues are

VA1,..., V4, = 0, itis also positive.
e statement 3 —> statement 4

This is just a restatement of what was said at the end of last proof.

* statement 4 — statement 5
If 7 = R with R = R*, then T = RR = R*R.

e statement 5 —> statement 1

If T = R*R, then T* = (R*R)* = R*R* = R*R, so T is self-adjoint. Also, (Tv,v) = (R*Rv,v) = (Rv,R*v) =

(Rv,Rv) = ||Rv||®> > 0, making T positive as well.

Example 17.2
Given an example of a 2 X 2 matrix A such that A # I3 but A2 = .
There are two possible ways to think about it:

* Any matrix representing a reflection about a line through the origin. One special case of this is a rotation by 7
radians, but that’s equivalent to a reflection across y = x.

¢ What about other kinds of matrices? Note that

A2=1=>A:A—1=>A=[“ b] L [d ) _

¢ d|” det(A)|-c¢ a

So,

_d
4= Tet(A)
a
4= oA
b
~det(A)
_ C

~det(A)

Then, a = (det(+))2 and d = m so eithera = d = 0 or det(A) = £1.

If det(A) = 1,thenb=c=0anda=d =1ora=d = —1. Thus, if A% = I and det(A) = 1, then A = +/.
However, if det(A) = —1, then a = —d and

with —a? — bc = =1 or a® + bc = 1. There are many solution to an equation of this form:

— If a # 1, then b can be anything non-zero and ¢ can be uniquely determined

— If @ = £1, then either b or ¢ must be 0 and the other can be anything

In fact, any matrix similar to a solution is also a solution. If A2 = I and B = S™'AS, then B?> = S"'ASS™1AS =
ST1A2S =S511S=1.
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Note 17.1
The example above also shows that the only positive square root of / is [ itself.

Theorem 17.3
Every positive operator on V has a unique positive square root.

17.2 Isometries

Definition 17.2: Isometry
Let (V, ||I-]ly) and (W, ||-|lw/) be two normed vector spaces over F. Then, T € £(V, W) is an isometry if ||Tv||y = ||v]y
forallv e V.

Note 17.2
Note that this is a more general definition than the one given in Axler. Often, the surjectivity of 7 is also required.

Theorem 17.4
Let (V, (-, )y) and (W, (-, )y ) be two inner product spaces over F (either R or C), both of dimension n. Then an
isometric isomorphism exists between V and W.

Proof: Choose an orthonormal basis eq,...,e, of V and fi,..., f, of W. Then, T(c1e1+---+cpey) = c1fi+--+cnfan

defines an isomorphism from V onto W. Since any v € V can be written as v = c1ej + - - - + ¢, e,, observe that

vily = (v, v)y
=(cie1+ - +cpep,cre1+ - +cpey)
2 2
=ci+ - -+c,
ITvilw = Tv,Tv)w
={c1fi+-+enfrcr1fi+ o Fenfn)

_ .2 2
=ci+-+c;,

Since this holds for any arbitrary v € V, the map T is an isometry.

Note 17.3
The proposition does not hold for normed vector spaces. For example, R"” with a p-norm and R" with a p’-norm with
p # p’ are not isometric.

Here is the more specific definition of an Isometry that Axler gives in his textbook:

Definition 17.3: Isometry
The operator S € L£(V), where V is a finite-dimensional inner product space, is an isometry iff ||Sv|| = ||v|| forall v € V.

Example 17.3
Here are two basis examples:

e If V =R"and (-, -) is the dot product, then S is an isometry iff [S]¢ is an orthogonal matrix, i.e., ([S]¢)7 [S]¢ =1
(the columns of S are orthonormal).

 If V = C" and (-, -) is the Euclidean inner product, then S is an isometry iff [S]¢ is a unitary matrix, i.e.,
([S1E)*[S]¢ = I (the columns of S are orthonormal).
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Theorem 17.5
Suppose S € L(V). Then, the following are equivalent:

1. S is an isometry

2. (Su,Sv) = (u,v) forallu,v e V

3. Sei,...,Sey is orthonormal for every orthonormal list of vectors e, ..., e,

4. There is an orthonormal basis eq, ..., e, of V such that Seq, ..., Se, is also orthonormal
5. 88 =1

6. SS* =1

7. S* is an isometry

8. S is invertible with S~ = §*

Proof: We will not prove all of these statements. However, here is a sketch of two of the proofs:

e statement | — statement 2
Use the fact that

|Su + Sv||? = ||Su — Sv||?

Su, Sv) =

(Su, Sv) 1

e statement 4 —> statement 5
Following the proof above, (e;,e;) = (Se;, Se;) for an orthonormal e1,...,e,. So, (S*Se;,e;) = (e;,e;). Express
u,v € V in terms of the orthonormal basis e1,..., e, and expand to get that (S*Su,v) = (u,v) holds for all u,v € V.
Thus, $*S =1.

Example 17.4

S is an isometry iff S is normal and all eigenvalues of S have absolute value 1.

Example 17.5: 7C Exercise 2
Suppose T is a positive operator on V. Suppose v, w € V are such that Tv = w and Tw = v. Prove that v = w.

Proof: Note that T(Tv) = Tw = v so T?v = v. Either v = 0 and w = 0 or v is a l-eigenvector of T2. Since T is
diagonalizable, the eigenvectors of T2 are precisely those of T. So, v is either a +1-eigenvector or a —1-eigenvector of
T. However, since T is positive, v must be a 1-eigenvector and v =Tv = w.

Example 17.6: 7C Exercise 7
Suppose T is a positive operator on 7. Prove that T is invertible iff (Tv,v) > Oforallv #0in V.

Proof: If T is not invertible, then there is a vector v # 0 such that 7v = 0. For this, (Tv,v) = (0,v) = 0. So, (Tv,v) >0
for all v # 0 implies that 7' is invertible (contrapositive).

If T is invertible and positive, then the positive square root S of T is also invertible. So, (Tv,v) = (S*Sv,v) =
(Sv, Sv) = ||Sv]|?> > 0if v # 0 since Sv # 0.

Example 17.7: 7C Exercise 13
Prove or give a counterexample: If S € £(V) and there is an orthonormal basis e1, . .., e, of V such that ||Se;|| = 1 for
each e;, then S is an isometry.
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Answer: This statement is False. Let V = R? with (-, -) as the usual dot product, ey, e as the standard basis and

1 1/V2
SI¢ =
51 [0 1/\/5]
That is, Se; = ¢e1 = |le1]| = 1 and Ses = %el + %62 = ||Ses|| = %+% = 1. However, S is clearly not an

isometry (it’s not even normal).

Example 17.8: 7C Exercise 9
Prove or disprove: the identity operator on R? has infinitely many self-adjoint square roots.

Proof: WLOG, let F = R and V = R? with (-, -) as the usual dot product. Then, A2 =1 = AT A = I implies that
A is an orthogonal 2 X 2 matrix. Then, A is either a rotation or a reflection matrix. The only rotation matrices that
satisfy A2 = [ are rotations by 0 and x radians, i.e., A = +1. However, any reflection matrix satisfies A2 = [. Then, the
self-adjoint square roots of the identity operator have matrices, with respect to the standard basis, of the forms

1 0]|-1 O
0 1f

0 -1
where the last matrix is a reflection about the line y = tan (4 )x.

bl

sinf —cosé

cos @ sin 0]
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18 Lecture 18

18.1 Polar Decomposition

Theorem 18.1: Polar Decomposition
If T € L(V), then there is an isometry S € £(V) such that T = SVT*T

Proof: This is a long proof so we will break it down into digestible parts:
e Foranyv eV,

ITv||> = (Tv,Tv)
=(T"Tv,v)
= (NT*TNT*Tv,v)
= (NT*Tv,NT*Tv)
= INTTv|)*
This follows since T*T should be a positive operator with a positive square root.

¢ Define a linear map S7 : range(VT*T) + range(T) by S1(VT*Tv) = Tv. The main idea is that we are trying to extend
S to be an isometry on V such that Tv = S; VT*Tv forall v € V.

e We first need to check that S; is well defined. Suppose that VT*Tv,; = VI*Tv,. We need to show that Tvy = Tvs.
Observe that ker(T') C ker(VT*T) C ker(T*T) = ker(T). So, VI*Tvy = VT*Tvy = v1 — vy € ker(VI*T) = ker(T).
Thus, T(vi —v2) =0 = Tvy =Tvs.

By the linearity of VT*T and T, the map S is linear. Moreover, ||S1(VT*Tv)|| = ||Tv|| = ||VT*Tv|| (from above). This
implies that S is indeed an from range(VT*T) +— range(T).

« We need to extend S; to be an isometry from V +— V. Since V is finite-dimensional and ker(VT*T) = ker(T),
then dim range(VI*T) = dimrange(T) = dimrange(VT*T)* = dimrange(T)*. Therefore, we can choose an
orthonormal basis e1, ..., e, of range(VT*T)* and an orthonormal basis fi, ..., f,, of range(T)*. Define the map
Sy : range(VT*T)* - range(T)* as

So(arer +---+amem) =arfi+---+amfm
Thus, So maps range(VT*T)* isometrically onto range(T)* since
larer + - +amemll® = lar]* +- -+ |am|* = llarfi +- - + am finll®
e Letv = u + w where u € range(VT*T) and w € range(VT*T)*. Define Sv = S1u + Sow. Since
ISVI® = [1S12 + Sawl[* = [|Syul|® + [1Sawl|* = [Jull® + [[wll* = [l + wl|®

the map S is an isometry on V.

* Now, we only need to check that T = SVT*T. First, note that VI'*Tv € range(VT*T) satisfies VI*Tv = u + w where
u = VT*Tv € range(VT*T) and w = 0 € range(VT*T)*. Therefore, SVT*Tv = S1(VI*Tv) + S2(0) = Tv forallv € V.

18.2 Singular Values

Definition 18.1: Singular Values
Suppose that T € L£(V). The singular values of T are the eigenvalues of VT*T.

Linear Algebra 82



Math 110, Summer 2021 Notes Aryan Jain

Note 18.1

Actually, if T € £(V,W) and W is also a finite-dimensional inner product space over F, then the eigenvalues of VT*T
are still defined (since VI'*T € L(V)). The singular values of T € L(V, W) are the eigenvalues of VT*T so they are
defined as well.

Note 18.2
It is a universal convention to list singular values in non-increasing order. If dim = n, then common notations for the
singular values of T are 0y > 02 > -+ > 0, 0r§1 > S2 > -+ > §p.

Note 18.3
IfT € L(V) and dim V = n, then VT*T is a positive operator and V has n non-negative real eigenvalues s > --- > 5, > 0
(some s; possibly repeated) by the Spectral Theorem.

Theorem 18.2: Singular Value Decomposition
Suppose T € L(V) has singular values s1, . . ., s,. Then, there is an orthonormal bases e = ¢1,...,e,and f = f1,..., fu
in V such that

Tv=s1(v,e1)fi+- - +sp(v.en)fn

i.e.,
S1 0 SN 0
0 52 0
il ={. .
0 0 ... s,
Proof: Note that VT*T is a positive operator. So, by the spectral theorem, there is an orthonormal basis e, ..., e, of V such
that VT*Te; = s;e; for all j < n. Moreover, v = (v,e1)e1 +--- + (v, e,)e, since ey, .. ., e, is orthonormal. Then,

VI*Tv = s1{(v,e1)e1 +-- -+ s,{v,en)e,
Following the polar decomposition of 7',
Tv =SVNT*Tv = s1(v,e1)Se1 + - -+ 5,(v, e,,)Se,

Since S is an isometry, the list Seq, ..., Se, is also an orthonormal basis. Taking f; = Se;, we get the desired result.

Theorem 18.3
If T € L(V), then the singular values of T are the non-negative square roots of the eigenvalues of 7T

Proof: By the spectral theorem, there is an orthonormal basis ey, . . ., e, of V with VI*Te; = sey for all k < n. However, that
also makes e; an si-eigenvector of T*T. In other words, E (sg, VI*T) = E(si, T*T). Moreover, since VI *T and T*T are both
diagonalizable, the multiplicities of their eigenvalues must also be the same.

Definition 18.2: Operator Norm
Let V be a normed vector space and 7' € L(V). Define

Tx
|7|| = max u = max
x#0  ||x|| x#0

T(L)H = max 7))

(|| |x[I=1

In fact, if ||-|| = v/{:, -), then ||T|| will equal o, the largest singular value of 7.
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Theorem 18.4
Here are some properties of an operator norm:

1. ||T|| = O iff T is the zero operator
2. |laT|| = |a||IT|| if @ € F
3T +SI<NITN+ IS

Proof: Proofs of statements 1 and 2 is left as an exercise for the reader. We will prove statement 3 now:

IT+S| = juax (T + S)xl

X

= max |[|Tx + Sx||
lIxl=1

< fuax I7x]] + | Sx]]

[x||=1
< max ||Tx|| + max ||Sx||
lIxl=1 lxl=1

=TI+ 1IS]]

Example 18.1: 7D Exercise 12
Prove or give a counterexample: If T € £(V), then the singular values of 72 are the squares of the singular values of T.

Answer: This statement is false. Consider the backward shift 7' : R? — R? defined over the usual dot product. Then,

e [0 1]
[T]e_io 0
we _ |0 0]
[T]e_,l O
erre _ |0 O][0 1

[Tl = |4 0_[0 o]

[0 0]

|0 1

Thus, the singular values of T are V1 = 1 and VO = 0. However,
[72]0 = (I71)?
o 1)?
0 0
10 0
00

Thus, 7?2 is the zero operator and its singular values are just 0 and 0.

Example 18.2: 7D Exercise 13
Prove that 7 is invertible iff O is not a singular value of 7.

Proof: Note that

0 is not a singular value of T < 0 is not an eigenvalue of T*T
— ker(T'T - 0I) = {0}
 ker(T'T) = {0}
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— ker(T) = {0}
< T is invertible

Theorem 18.5
If T € L(V), then ||T|| exists in the case that ||-|| = +/{:, -).

Proof: During the existence proof of the polar decomposition, we showed that ||Tv||?> = ||[VT*Tv||? for all v € V. Moreover,
VT*Tyv = s1{v,e1)e1 + -+ 5,{(v, e, )e,, ie.,

where s1 > --- > s, > 0. Then,

INTTVI? = sT(v, en)|* + - + s71(v, )|

2 2 2
IvII® = Kv,en)|" + - + v, en)]

= C% + -+ Ci
If[v|| =1, thenc? + -+ +c2 = 1.
We can vary c1, .. ., ¢, over all possible coefficients such that ¢ +- - -+¢2 = 1 and || VT*Tv||? is maximized. Letting ¢? = 1, i.e.,

taking v = e1 works. Why? Maximizing || VT*Tv|| is equivalent to maximizing s?c? +- - -+ s2¢?2 constrained to ¢2 +- - - +¢2 = 1
and s; > s2 > --- > 5, > 0. Note that

2.2, 2.2 2.2 2.2, 2.2 2.2
s7cy +85¢ + -+ 5,0, S s7c) Hs7co + -+ 57C,

=si(cl+ )

_ 2
Thus, choosing s2¢? + s2¢2 + -+ + s2¢2 = 57 will maximize the given norm. Therefore, ||T|| = ||[VT*T|| = s is the largest

singular value of 7.

Note 18.4
Just like max =1 [|I7(x)|| = s1, the largest singular value of T', we can show that min =1 [|7(x)|| = s,, the smallest
singular value of 7.

Note 18.5
Since the singular values of T are the eigenvalues of VT*T and T* depends on the inner product on V, talking about the
singular values independently of some choice of inner product doesn’t make sense.

Note 18.6
The singular values of T are not similarity invariant of 7, i.e., if S is invertible, then 7 and S1loTosS might not have
the same singular values.

Example 18.3
Let

i)
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10
#=lo )
for a > 0 be defined over R? with the regular dot product as the inner product. Then,
1 0|1 ojfr of ~ (1 O
0 allt O[O0 a| "~ |a O

~— S~——
A B

-1

Thus, A and B are similar matrices. Note that
1 1]|1 O 2 0
Ty _ -
aa=lo ofli of=[5 o
so the singular values of A are V2 and 0. However, B is a skew projection onto the lines y = ax and

1 al|fl 0] _
0 Ofla 0]

Tp_
BB_[ 0 0

1+a? 0]

so the singular values of B are V1 + a2 and 0 instead.
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19 Lecture 19

19.1 Singular Value Decomposition Cont.

We considered SVD at a transformation (specifically, operator) level before. Now consider it at a matrix level: let A be anm X n
matrix over R. Then, we can decompose it as A = UXV7 where U is an m X m orthogonal matrix U, V is an n X n orthogonal
matrix and X is an m X n matrix with the singular values of A along its diagonal. How can we arrive at this decomposition?

1. Consider B = ATA. Then, B is a symmetric (or self-adjoint since it has real entries) n x n matrix. The spectral
theorem applies here and B has real eigenvalues 4; > --- > A, with corresponding eigenvectors vy, . .., v, that form an
orthonormal basis of R". We claim that all A;’s are non-negative, i.e., ATA s positive:

(AT AV, vie) = (ievies vie)
= Allviell®
=
<ATAvk, vk> = <Avk, (AT)Tvk>
= (Avg, Avy)
= [|Av]?

Thus, A = |[|[Av||*> = 0 for all j < n.

2. Let oy = V. These o will form the singular values of A.

Note 19.1
IfA; >--->A,and oy > - > 0y, then o > 0iff k < r = rank(AT A) = rank(A). Since AT A is symmetric, its
eigenvectors form an orthogonal matrix S such that

A1
STATAS =
An

where all 1, are arranged in non-increasing order and A; = 0 for k > r = rank(AT A) = rank(A). In other words, the
rank of a matrix is the number of nonzero entries along the main diagonal of its diagonalized matrix representation.

3. Consider Avy, ..., Av, where r = rank(A) = rank(ATA). Let uy = AVE oo that Avy = o lg.

= 2%
We claim that all Avy’s are orthogonal to each other and ||Avg|| = si for all & < n. In other words, |jug|| =1 for k < r.
Why? Note that

(Avi, Avg) = (vi, ATAv;) = (i, Avi) = 4 (vie, vi)

Since (vi,v;) = 0, the vectors Avy, Av; are also orthogonal. Moreover,
2 2
lAVEll® = Akllvll
80 ||Avi|| = VAx = 0. Therefore, ||ux|| = 1 as desired.

4. We have defined uy for k < r. What about k > r? We can simply extend u1, . .., u, to an orthonormal basis u1, ..., U,
of R using the Gram-Schmidt process.

In summary, if A is an m X n real matrix, then we found an orthonormal basis v1, . .., v, of R” based on the singular values of
A, and used these to define an orthonormal basis u1, ..., u,, of R” such that Av; = ouy for k < r and Avy =0 for k > r,
where r = rank(AT A) = rank(A) < n. How can we express this in a matrix form?

A[v1 v,,]:[Avl . Av,e Avenr o L. Avn]

——
\%4
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= [a'1u1 o.oopuyr 0Ll O]
o
o,
=[u1 cee Uy Upgl ... um] " 0
U
0_
)
where u,41,...,u, are multiplied by the O entries in X. Thus, AV = UX. Since V is a square matrix whose columns are
orthonormal vectors, VIV = VVT = [,. Thus, V"' = V7T and A = USVT.
Example 19.1
Let ) )
A:[p —q] _ ATA:[ P qu —q]: pirg® 0
q p -9 pllg P 0 P +q

So, the singular values of A are \/p2 +¢2 and +/p2 + g2. Geometrically, A is just a rotation matrix times a scalar
stretching, i.e.,

p ___ 4
A=ApPrg?|Veg e Nepd
Vp2+q? Vp2+q?

Note that the SVD of A is

\p2+q? 0 [1 O]
0yl 1

This is actually the polar decomposition of A as well! Since [|[Avi]| = [|Ae1]] = Vp2 + g2 and ||Ava| = ||Aes] =
\/p? + g2, the matrix A takes the unit square to a square with area |det(A)| = p? + g% = o1 - 0.

P ___4
A= Vp2+q? Vp2+q?
= q p

Vp2+q? Vp2+q?

Example 19.2
Let

0 1 0 1
A=|1 1 :ATA:[(l) i (1)]1 0 :[2 1}
1 0 1 0
The eigenvalues of ATAare 1y =3, =1s007 = V3, o9 = 1. Moreover,
E(3,ATA) = span ([5@]) = span(vy)

E(1,ATA) = span (ri;g ) = span(va)

And,

Ay = g = 2/V2

[1/V2

1 [1/«/5 B 1/v2
0

)
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1/V6
A
uy = % = 2/\/6
1 1/v6
O i 1/vz 1/v2
Avo =11 1 1/3 = 0
10 1/v2
AV1 1/\/5
Ug = — = 0
01 _1/\/5
We need to find a third u3 that is orthonormal to u1, us. Note that
1/V3
us = —1/\/§
1/V3
works. Thus, the SVD of A is given by
T2 12
(V3 0
=10 1
0 0

NG 1NZ 1/VE]
U=1|2/V6 0 -1/V3
1/V6 -1/v2  1/+3]
[1/V6  1/v2  1/V3][V3 NG 13

0
A=|2/V6 0 -1/v3|| 0 1[ ]
146 —1v3  1Ello oflTYVE V2

Observe that V7 is a rotation matrix, X is an embedding into R? that also stretches/scales along the x-coordinate and U
is another orthogonal matrix that is neither a rotation nor a reflection!

Theorem 19.1
Let A be an m X n matrix and v € R". Then, o1 ||v]| = ||Av|| = o, ||v|| where o1, ..., o, are the singular values of A.

Proof: Letvi,. .., v, beanorthonormal basis of the eigenvectors of A7 A. Write v = c1v1+- - +c,v,,. Then, [[v]|? = 2+ - -+c2

and

[AVII? = [lcr Avy + - - + cpAv, )2
ENAVLIP + -+ 2l Av, 2

2 2 2 2
cloy +- -+ 0,

by the Pythagorean theorem. Then,

0%0'12+"'+C,210'12 > c%0'12+-~+c,210'3 > 0%0'3+-~+c,2l(r,3
oP(c+- 4 cd) 2 AV]® 2 o2 (cF +- -+ cP)
21,112 2 211,112
o[l = [[Av]® = o flvl]

Thus, o |[v]l = |Av]| = ollnl.
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Just like we defined operator norms earlier, if we extend this definition to matrices, then

[l Ax||
lA]l = max ———
llxl#0 [lx]]

= max ||[A—
xlizo || [l

= max [|Av]|
lIvil=1

We showed that ||Av|| < o ||v]| for all v € R". So,

A
lavil_
vl

if [|[v]| # 0. Then, ||A|| < o1. However, ||Av|| = o1 and ||v|| = 1 so ||A]| = o is satisfied with equality as expected.

o1

19.2 Geometry of the SVD

What happens if we look at each matrix in a singular value decomposition of an operator separately? The figure below depicts
an example of a 2 X 2 matrix:

Theorem 19.2
Let A : R? — R? (for V = R? with the usual dot product) and A is invertible. The image of the unit circle in R? under A
is an ellipse. The length of the semi-major axis of the ellipse is o1, and the length of the semi-minor axis is o2. More

generally, if A : R" — R”" is invertible, then the image of the unit sphere in R” under A is an n-dimensional ellipsoid
with axes of lengths o, ..., 0.

* The matrix V7 = V=1 is a rotation matrix
* The matrix X is a scaling/stretching matrix

* The matrix U is an orthogonal matrix (can be a rotation, reflection or neither)
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Theorem 19.3
Let A be a real eigenvalue of an n X n matrix A. Then, o, < |1] < 7.

Proof: Let v be a unit length A-eigenvector of A. Thus, o, ||v|| < ||Av]] < o1|[v]| = o1lvl] < |[Av]| € o1lv]] = o1]v]] <
[A[|[v]| £ o1]|v]]. Then, o, < |A| < o as intended.

Note 19.2
The result above is still true if A is a complex eigenvalue of A.

Example 19.3
Let
|11 T, (1 1
a=lo | = ama=]1
Both eigenvalues of A are 1 but its singular values are 3% Q‘f instead. Note that i <1< 3+\F as expected.

Theorem 19.4
Let A be an m X n matrix. Then, A = oyu1v! +-- -+ ou,v! where r = rank(A).

Proof: X is anm X n matrix with Z; ; = o7 if j < r, and all of the other entries are 0. Then, break it down as X = X1 +-- -+ Z,
where X; has the (j, j)th entry as o; but all other entries are 0. Consider VkT to be the kth column of V7. Then,

UZV{ = (VDU +---+ (VD) (UZ))n = (V)£ (UZ));

since all of the other terms will get cancelled by the Os in X;. We just showed that UX j(VT)k =(vT) j.kojuj. Then,

UZ]VT = [(VT)jlo'juj (VT)jQO'juj (VT)jnO'ij]
= O'juj [(VT)j1 . (VT)J'"]
= O'jujv]T-
This follows since [(VT);1 ... (VT);u] is the jthrow of V7, i.e., the transpose of the jth column of V. Thus,
A=Uzv’

U +Z0+--+32,)VT
=Uus vl +...+Uuz, VT

= 0'1M1V{ +o 4 a'nunv£

Example 19.4

b 2= alfe 1 o
S~—— \-ﬁ/—/\-ﬂ/—-/\ﬂ/—-/
A vT

Then,

A= Ululv{ + O'ngvg

=2O 0 1+11
H[CY

0[1 0]
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Example 19.5
A satellite transmits a picture containing 1000 X 1000 pixels. If the color of each pixel is digitized, this information can
be represented in 1000 X 1000 matrix A with 1,000,000 entries.

IfA= o-lulv{ + -+ oyuvl, even though r may be 1000 as well, many singular values of A will most likely
be very small compared to first few singular values, and will contribute little to the actual image. If we ignore all but
say, k = 10 of the singular values and transmit 0'1141\1{ +--0 4 O'kukvz as an approximation to A, then we only used
about k(1000 + 1000) = 10 - 2000 = 20000 numbers instead of a million entries to obtain a hopefully reasonably good
reconstruction of the original image. This is precisely the main idea behind dimensionality reduction via low-rank
approximation, and it has various applications in computer science and engineering!

Note 19.3
The SVD is hardly the only way to write A as a sum of rank 1 outer products. It just happens to have a very special
property that the kth partial sum A; = Zf;l a'iuivl.T carries as much “energy” of A as possible in the sense that
[|A=B| = ||A— Ax|| = ox+1 (look at the theorem below) for all matrices B of rank < k. Basically, A; gives the best
rank k approximation to A in this sense.

This implies, for example, that if A is invertible, then the closest non-invertible matrix B to A is obtained by changing
the smallest o, of A to 0, and otherwise leaving the SVD unchanged. In other words, if A = U >VT and ¥’ is X but with
¥, =0, then B = UX'V” will be non-invertible.

Theorem 19.5: Eckart-Young-Misrky Theorem
Let A be an m x n with rank(A) = r, such that A = oyu1v! +- -+ + oyu,vI. If Bis m X n and rank(B) < k < r and
Ay = O'1I/t1v%w Jpooodp O'kukvz, then ||A — B|| > ||A — Akl = ok+1-

Proof: First of all,
T T
A=A = 011V + -+ OrUp v,

The expression on the RHS is an SVD of A — Ay with 041 as the largest singular value so ||A — Ag|| = Ok41-

Now, for the sake of contradiction, assume that |A — B|| < ||A — Ag|| for some B with rank(B) < k. Then, following rank-
nullity, dim ker(B) = n — rank(B) > n — k. So, there is an n — k dimensional subspace W C ker(B) C R" such that Bw = 0
for all w € W. Therefore, ||[Aw|| = ||(A = B)w|| < ||A = B||||w|| < ok+1|lw| forw #0 € W.

Now, let’s consider all w such that ||Aw|| > ox41||w||. Note that Vi1 = span(vy, ..., vis1) isa k+1 dimensional subspace of R"
suchthat ||Aw|| > op41||w|| forallw € Viyq. Infact, this is the largest subspace that will yield the lower bound above —w € Vo
will yield an even smaller lower bound of o42||w|| while Vi will not capture any w such that o ||w| > ||[Aw]| = ors1llW]l-
Since dim W + dim Viy1 = (n — k) + (k+ 1) = n+ 1, there must be a non-zero vector w € W N Vi, that will satisfy both
inequalities above — this is a contradiction!

Note 19.4

If A is not normal, then by perturbing A slightly, it is possible to change the eigenvalues (or some subset of the
eigenvalues) of A fairly significantly. However, if A is normal, then a small change in A to another normal matrix will
result in a very small change to its eigenvalues. Since A’ A is always normal, even if A isn’t, the singular values of A
don’t change much with a slight perturbation of A. This makes the SVD highly robust and stable.
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20 Lecture 20

20.1 Review Problems

We went over a practice midterm and a past midterm in preparation for midterm 2.
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21 Lecture 21

21.1 Generalized Eigenvectors

Theorem 21.1
If T € L£(V), then {0} C ker(T) c ker(T?) c --- C ker(T*) c ker(T**1) c ...

Proof: If T*y = 0, then T**!(v) = T(T*v) = T(0) = 0 by the linearity of T.

Theorem 21.2
Let T € L(V). If ker(T™) = ker(T™*1), then ker(7™) = ker(T™*) = ker(T"*?) = .. ..

Proof: We need to show that if 7"*/*1(v) = 0, then 7""*/(v) = 0 for all j > 0. Suppose T"*/*1(v) = 0. Then,

0= Tm+j+l(v)
=TT (v))

Thus, 77 (v) € ker(T™*) = ker(T™) and T"(T/ (v)) = T™*/ (v) = 0.

Theorem 21.3
Suppose T € L(V). Let n = dim V. Then, ker(T") = ker(T"*!) = ker(T"*?) = . . ..

Proof: First off, the chain {0} = ker(T°) c ker(T) c ker(T?) c ... must eventually stabilize, as otherwise V would be
infinite-dimensional. Suppose the chain stabilizes when k = j, i.e., {0} C ker(T) C --- C ker(T/) = ker(7/*!) = .... Then,
dim ker(7T7) > j since the dimension of each kernel increases by 1 as the chain continues (If it did not, then the chain would
stabilize before j). Since you can’t have a dimension greater than n, we must have that j < n.

Recall that V = ker(T') & range(T) can easily fail (though if 7 is normal, this statement is true), as evident by

m:=]o o

In this case, ker(7) = range(T) = span(ey) so R? # ker(T) + range(T). However,

Theorem 21.4
IfdimV =nandT € L(V), then V = ker(T") & range(T").

Proof: If T"x = 0 and x = T"y for some y € V (ie., if x € ker(T") N range(T™)), then T"x = 0 = T?"y = 0. Then,
y € ker(T?") = ker(T") and x = T"y = 0 so ker(7") Nnrange(7T") = {0}. Moreover, applying the rank-nullity theorem to T"
also yields dim V = dim ker(7") + dim range(7™). Thus, V = ker(T") & range(T").

Definition 21.1: Generalized Eigenvectors
If T € £(V) and A is an eigenvalue of T, then if v # 0 satisfies (T — AI)/v = 0 for some j > 1, then v is a generalized
eigenvector of 7 (for the eigenvalue A, of course).

Definition 21.2: Generalized Eigenspace
If A is an eigenvalue of T € L(V), then the generalized eigenspace of T for the eigenvalue A, denote by G(2,T), is the
set of all generalized A-eigenvectors of 7', including 0.
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Note 21.1
Clearly E(A,T) € G(A,T) and it is easy to check that G(4,T) is a subspace of V.

Theorem 21.5
If dim V = n and A is an eigenvalue of 7', then G (4,T) = ker((T — AI)").

Proof: The vector v € G(A,T) if (T — AI)/v = 0 for some j > 0, ie., if v € ker((T — AI)7). However, for all j < n,
we have that ker((T — AI)7) € ker((T — A)™) so v € ker((T — AI"). Thus, G(1,T) C ker((T — AI)™) and, trivially,
ker((T — AD™) € G(A,T).

Example 21.1
Let T € £(R?) such that

What about ker ((T — 1)7)? For j = 2,
00
ker((T — I)?) =ker|0 0
00

Finally,

0 0 0 1] [o] [0
G(1,T) =ker((T = I)3) =ker|0 0 0| =span||0], [1], [0
000 ol |o] |1

Of course, if we only wanted G(1,T), we could have computed it as soon as we learned that 2 = 1 was an eigenvalue.

Theorem 21.6

LetT € £(V)anddim V = n. Supposethatdy, ..., A, are distinct eigenvalues of 7 and that vy, . . . , v,, are corresponding
generalized eigenvectors. Then, v1, ..., v, are linearly independent.
Proof: Suppose that a1, ..., ay, are scalars such that 0 = ayvi + - - - + a;,v,,,. Let k be the max j such that (T — /lll)jvl #0

and let w = (T — A;1)*vy. Then, (T — A1 N)w = (T — 2;1)**1v; = 0 by the definition of k. Thus, Tw = A;w and w # 0. Since
(T —ADw = (41 —A)wforall A € F, then (T — AI)"w = (11 — A)"w for all A € F too.
Applying (T — A1 DX(T — A2D)™ ... (T — A,,)" to both sides of
O=aivi+---+anvm
=a1 (T - DXNT - 20" .. (T = 2,)"v1
=a1(T-2:D"...(T-2A,)"w
All (T — A;I)"s commute with each other, so all a;v; are erased except j = 1. However, then
0=a1(T-2D"...(T-2,)"w
=a1(A1 —A2)". .. (A1 = )" w

Since all 41, ...,4,, are distinct, a; = 0. Similarly, by repeating the same process by considering for each j, we can set each
a; =0forall j < m. Therefore, vy, ..., v, are linearly independent as expected.
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21.2 Nilpotent Operators

Definition 21.3: Nilpotent
T € L(V) is nilpotent if T* = 0 for some k > 0.

Example 21.2
Let D : P, — P, be the differentiation operator. This is nilpotent as the n + 1th derivative of any f € P, is the zero
polynomial, i.e., D"*! = 0.

Example 21.3

o O =

0 0
As we saw in a previous example, [T]¢ = |0 1| is nilpotent since 72 = 0.
0 0

Theorem 21.7
IfdimV =nand T € L(V) is nilpotent, then 7" = 0.

Proof: The chain {0} = ker(T°) c ker(T) c --- C ker(T*) = ker(T**') = ... stabilizes at the latest when k = n. Hence,
T/ = 0 for some j implies that TX = 0 for all k > n.

Theorem 21.8
If T € L(V) is nilpotent, then there is a basis 3 of V such that

0 a2 dais ... Qaip
0 0 ags ... Aa2p
=0 00
0 O 0 ... O

ie., [T]/f; is upper triangular with all diagonal entries O.

Proof: Choose a basis of ker(7). Extend that to a basis of ker(7?). Extend that to a basis of ker(7?). Keep extending and
we eventually just get the basis of ker(7") = V. We claim that the matrix representation of 7' with respect to this basis has the
required form.

The first dim ker(7) > 1 columns are filled with Os since those are all members of ker(7). Now, consider a basis element
v € ker(7?) such that v ¢ ker(T). Then, Tv € ker(T) and Tv is a linear combination of the basis elements of ker(T). That is,
the entries of that corresponding column will have non-zero numbers above the main diagonal.

Similarly, basis elements coming from ker(72) but not ker(72) are such that applying T to them will give us elements in ker(72)
and so on.

Example 21.4: 8A Exercise 5
LetT € L(V),m > 0,v € V with 7™y £ 0 but T™v = 0. Prove that v, Tv, ..., T™ 1y is linearly independent.

Proof: Suppose that cov + ¢1Tv + caT?v + - - - + ¢ 1 T™ v = 0. Apply T™~! to both sides to get co7™ v = 0. But
T Yy #0s0co =0. Thus, c1Tv + coT?v + - + ¢,_1T™ v = 0. Apply T2 to both sides to get ¢; 7™ v = 0.
But 7"~y £ 0 so ¢; = 0. Repeat this process to get co = ¢; = - -+ = ¢, = 0, making the list v, Tv,T?v, ..., T" 1y
linearly independent.
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Example 21.5: 8A Exercise 6
Let 7 € £(C?) be defined by T(z1, 22, 23) = (22, z3,0). Prove that T has no square root S, i.e., that there does not exist
S € L£(C3) such that §% =T.

Proof:

Note that 73 = 0. So, if S2 = T, then S® = 0. Then, 3 = 0. As S2 = T # 0, we must have the chain
ker(S) c ker(8?) c ker(S83) = C3. This is only possible if dim ker(S) = 1 and dim ker(5?) = 2. But, $2 = T has rank
2, contradicting dim ker(5?) = 2. So, §? = T is impossible.

Example 21.6: 8A Exercise 13
Let V be an inner product space and N € £(V) a normal and nilpotent operator. Prove that N = 0.

Proof: Since N is nilpotent, there is a basis 8 of V such that [V ]g is upper triangular with all Os along the main diagonal.

Apply Gram Schmidt to 8 to obtain an orthonormal basis & of V for which [N]§ still has the same form. However,
now the same argument as the proof of the complex spectral theorem shows that [N]& has off-diagonal elements that
are 0. So, every element of N is 0, i.e., N = 0.
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22 Lecture 22

22.1 Block Diagonal Matrices

Theorem 22.1
LetT € L(V) and p € P(F). Then, ker(p(T)) and range(p(T)) are both T-invariant.

Proof: We will prove both parts:

* Suppose p(T)v =0,1i.e.,0 € ker(p(T)). Then, (p(T))(Tv) =T (p(T)v) =T(0) =0. So, Tv € ker(p(T)) and ker(p(T))
is T-invariant.

¢ Suppose v € range(p(T)), i.e., there is a u € V such that v = p(T)u. Then, Tv = T(p(T)u) = p(T)(Tu). So,
Tv € range(p(T)) and range(p(T)) is T-invariant.

Theorem 22.2
Suppose V is a complex finite dimensional vector space and T € L(V). Let A4, . .., 4, be the distinct eigenvalues of 7.
Then,

LV=G,T)® &Gy, T)
2. Each G(4;,T) is T-invariant

3. Each (T — 4;1)[G(a;.1) 1s nilpotent.

Proof: We will prove all three conclusions:

e IfdimV =n,then G(4;,T) = ker((T —A,;I)"). So, statement 2 follows from the first theorem by letting p(z) = (z—1;)".

s Ifv e G(4;,T), then (T —A;1)"v = 0. Thus, (T — A;1)"|G(a;.1) = 0, making (T — A,T)|G(a;.7) nilpotent so statement 3
also holds.

* Statement 1 can be proven by induction on n = dim V. A basis with n = 1 is trivial, so assume the result holds for all
vector spaces of dimension less than n. Since V is a complex vector space, T has an eigenvalue 4; € C. Thus, m > 1. We
also have that V = G(11,T) @ range(T — A4,T)" by theorem 21.4. Call the second term U.

Note that U is T-invariant by the theorem above (consider p(z) = (z — A1)?). Since dim G(11,T) > 1 and dimU < n,
our induction hypothesis applies to T'|;;. None of the generalized eigenvectors of T'|y; correspond to eigenvalue A since a
generalized A1 -eigenvector of T'|y would also be in G (A1, T) N {0}. Thus, each eigenvalue of 7|y is in the list Ao, . . ., A,y,.

Therefore, the induction hypothesis can be applied to the subspace U to yield U = G(12,T|y) ® - -- ® G (A, T|y)- So,
we basically need to show that G(4;,T|y) = G(4;,T) foreach j = 2,...,m. Observe that G(1;,T|y) € G(4,,T) is
trivial. We want to show that G(1;,T) € G(4;,T|y) now.

Suppose v € G(4;,T). Since V = G(11,T) ® U, each v € V can be written as v{ + u for some vi € G(11,T) and
u € U. However,as U = G(A2, Tly) ® - - - ® G(A, T|y), note that u = vo + - - - + v, where vy € G(4;,T|y) € G(4;, 7).
Therefore, v = vi +va +---+v,, € G(4;,T). As generalized eigenvectors corresponding to distinct eigenvalues are
linearly independent, all of the v;s above are 0 except for possibly v; (in which case, we have v = v here). In particular,
vi =0sovmustbeinU. Thus,v € G(4;,T|y) as well.

Theorem 22.3
Suppose V is a complex vector space and 7 € L(V). Then, there is a basis of V consisting of the generalized eigenvectors
of T.

Proof: LetV =G(A1,T)®---®G (4, T). Choose a basis of each G (1, T) and collate to obtain a basis of V consisting of the
generalized eigenvectors of 7.
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Definition 22.1: Algebraic Multiplicity
Let T € £(V) and n = dim V. The multiplicity of an eigenvalue A of T is dim G (4, T), i.e., dim ker(7T — AI)".

Example 22.1
Let T : R® — R® be defined such that
2 1 0 0 O
0 2 1 0 0
[T]1¢=10 0 2 0 O
00 0 6 1
00 0 0 6
Then, dim E(2,T) =1, dim E(6,7) =1,dim G(2,T) = 3 and dim G(6,T) = 2.

Theorem 22.4
If V is a complex vector space and T € L(V), then the sum of the algebraic multiplicities of 7 equals dim V.

Proof: Immediately follows fromV = G(11,T) ®--- ® G(4;, T) = dimV =dim G(21,T) +--- +dim G (A, T).

Definition 22.2: Block Diagonal Matrices
A square matrix A is block diagonal if it has the form

Aq
Ao

Am

where A1, ..., A, are each square matrices lying along the diagonal and all other entries equal 0.

Example 22.2
4

2 6

A= 0 1 is a block diagonal matrix (the empty space, like always, is assumed to be filled with 0s).

1 2
8 4

Theorem 22.5
Let V be a complex vector space and T € L(V). Let A4, ..., 4, be the the distinct eigenvalues of 7T with multiplicities
di,...,dy. Then, there is a basis of V with respect to which 7 has a block diagonal matrix of the form

Aq
Ao

where each A; is a d; X d; upper triangular matrix of the form
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Proof: LetV =G(41,T) ®--- ® G(A,,,T) where each G(4;,T) is T-invariant. Observe that
TG,y = (i1 +T = 2;D)|c,.1) = il + (T = A;D|c;.1)

where (T — A,T)|Ga,.1) is nilpotent following theorem 22.2. Thus, there is a basis §; of G(1;,T) with respect to which the
matrix representation of (7 — A;T)|Ga,.7) is an upper triangular nilpotent matrix. Then,

0 ... = Aj . % Aj .. %
[Tlow.nlg = [T -4 Diewn +4llewnly =| . i+ . = o
0 4; A;
Now, collate the bases S1, 82, . - . , B to get the desired basis of V.

Theorem 22.6
If N € L(V) is nilpotent, then I + N is invertible.

Proof: We will give two proofs of this statement:
1. What are the eigenvalues of 7+ N? If 2 is an one and v # 0 an eigenvector, then (/ + N)v = 1. However, for such A and v,
v+Nv=(I+N)v=Alv = Nv=(1-1)w

Thus, the eigenvalues of / + N are the eigenvalues of N shifted by 1. However, N only has eigenvalue 0. Thus, 1 is the
only eigenvalue of / + N, so I + N is invertible.
2. Recall the formula for an infinite geometric series:

1
=1l-x+x?-x°
1+x

+...

for [x| < 1. Then,
1

I+N

However, as N is nilpotent, the series converges (terminates since N dim V- — 0). Thus, (I + N )‘1 =I-N+N?%-
Actually, for a “Banach algebra” like M,,(C), if ||A|| < 1, then I — A is invertible and (I — A)"' =T+ A+ A% + A% +
“converges.” (see any book on Banach algebras for a detailed proof).

=I-N+N?-N3+

Theorem 22.7
If N € £(V) is nilpotent, then I + N has a square root, i.e., there is an § € £(V) such that I + N = S2.

Proof: Look at the Taylor series to V1 + x (about x = 0). Then,

Vi+x=1+f(0)x +f (0 X2+

where f(x) = V1 + x. Then,
VI+N I+f(O)N+f(0)

Since N is nilpotent, this is a finite series (all terms beyond the dim Vst are zero).

Theorem 22.8
If V is complex vector space and 7' € L(V) is invertible, then T has a square root.

Proof: Look at
TlG,.1) = Aillg,.1) +(T = ;DG ;.1

#0 nilpotent

This has a square root, when restricted to G(A;,T), by a scaling modification to the identity matrix in the theorem above. You
can then assemble all the individual square roots (for each generalized eigenspace) to get a global square root.
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23 Lecture 23

23.1 Characteristic Polynomial

Definition 23.1: Characteristic Polynomial

Let V be a complex vector space and T € L(V). Let A4, ..., 4, be the distinct eigenvalues of 7" with multiplicities
di,...,dy,. The polynomial c7(z) = (z = 21)% ... (z = A,,)% is called the characteristic polynomial of T'.
Note 23.1

Some things to note:
1. The characteristic polynomial of 7 has degree dy + - - - + d;, = dim V.

2. The roots of the characteristic polynomial are the eigenvalues of T

Theorem 23.1: Cayley-Hamilton Theorem
Let V be a complex vector space and T € L(V). Then, c¢7(T) = 0.

Proof: Note that c7(T) = (T —=A11)% ... (T =2A,,1)%. Write v = vy +- - -+CpmV,, Where vj € G(4;,T). As(T—2;D|c ;.1
is nilpotent and d; = dim G (2;,T), then (T — A;1)% |G (a,.1) = OlG(a,.1- Since the (T — A;1)%'s commute, we can see that
cr(T)|G(a;ryvj = 0. This is true for all j = 1,...,m and V is partitioned into multiple generalized eigenspaces so cr(T)v =0
for all v € V. In other words, c7(T) is the zero operator on V.

Note 23.2
Beware of the following invalid “proof” of the Cayley-Hamilton Theorem: c7(z) = det(zI — T) is a polynomial in z.
Thus, c7(T) = det(TI —T) = det(0) = 0.

What's the flaw here? While it is true that det(z/ = T) = ¢7(z) = (z = 41)? ... (z = A,,)% is a polynomial in z
with coefficients in C, the expression z/ — T occurring in det(z/ — T') is not a polynomial in z with coefficients in C. So,
what does it even mean to plug in 7 for z in zI — T? It is det(z/ — T) that is a polynomial z, not zI — T, so any valid
proof has to go through plugging in 7 for z in (z — A1)% ... (z = A,,)%m.

Definition 23.2: Monic Polynomial
A monic polynomial is a polynomial whose highest degree coefficient equals 1.

Example 23.1
Note that p(z) = z'! + 623 + 3 is a monic polynomial of degree 11.

Definition 23.3: Minimal Polynomial
Suppose T € L(V). There is a unique monic polynomial p of the smallest degree such that p(7") = 0. This is called the
minimal polynomial and is denoted by my(z).

Proof: We will establish the existence, followed by the uniqueness, of the minimal polynomial:

e Letn = dimV. The list I,T,7T2,.. .,T”2 is not linearly independent in £(V) as it is a list of length n? +1 and
dim £(V) = n?. By the Linear Dependence Lemma, one of the operators in the list can be written as a linear combination
of the preceding ones, say 7", such that ag/ +a T +- - - + a1 T™ 1 +T™ = 0 for some scalars aq, . . ., dm—1 € F. Define
p(z) =apg+aiz+---+a,_12" 1 +z™. Then, p is monic and p(T) = 0.

* The choice of m (from the LDL) implies no monic polynomial ¢ of degree smaller than m can satisfy ¢(7") = 0. Suppose
g is a monic polynomial of degree m and ¢(T) = 0. Then, p(T) =0 = ¢g(T) so (p — ¢)(T) = 0 and deg(p — g) < m.

Linear Algebra 101



Math 110, Summer 2021 Notes Aryan Jain

Dividing p — ¢ by its leading coefficient would result in a monic polynomial with degree < m, yet (p — ¢)(T) = 0.
However, that is a contradiction unless p — ¢ is the zero polynomial in the first place.

Theorem 23.2
Suppose T € L(V) and g € P(F). Then, g(T) = 0 iff g is a polynomial multiple of the minimal polynomial of 7.

Proof: Let p = mr(z) denote the minimal polynomial of 7. Suppose ¢ is a polynomial multiple of mr, i.e., there is a polynomial
s € P(F) such that ¢ = mys. Then, g(T) = mp(T)s(T) =0-s(T) = 0.

For the converse, suppose that g(7') = 0. By the definition of the division algorithm for polynomials, there are polynomials
s,r € P(F) such that g = ps + r with degree deg(r) < deg(p) and p = mp. Thus,

0=¢(T) =p(T)s(T) +r(T) = r(T)

But, » must be the zero polynomial, as otherwise we could divide it by its leading coefficient to obtain a monic polynomial that
kills T and has a degree less than that of p. That would again be a contradiction so » = 0 and g = ps.

Theorem 23.3
If V is a complex vector space and T € L(V), then the characteristic polynomial c¢7(z) is a polynomial multiple of the
minimal polynomial my(z) of T.

Proof: 1t follows directly from the theorem above.

Theorem 23.4
Let T € £L(V). The roots of the minimal polynomial of T are the eigenvalues of T

Proof: Let p(z) = mp(2) = ag+ai1z+- - +am_12" ' +z™ and let A € Fbe a zero of p. Then, p(z) = (z —A)g(z) where g is a
monic polynomial in P(F). Note that p(T) = mp(T) =0 = (T —Al)q(T)v =0 for all v € V. However, as deg(q) < deg(p)
and g(T) # 0, there is a v € V with v # 0 such that g(T)v # 0. Thus, A is an eigenvalue and ¢g(7)v is a A-eigenvector of T.

To prove the other direction, suppose A is an eigenvalue of 7. We need to show that it is a zero of the minimal polynomial. If v
is a A-eigenvector of 7, then v is a p(A)-eigenvector of p(7T') for any polynomial p, including the minimal polynomial. That is,
we have p(T)v = p(d)v. However, p(T) = 0. So, 0 = p(2)v. Since, v # 0, this implies that p(1) = 0 and A is a zero of p.

Example 23.2: 8C Exercise 1
Let T € £(C%) such that its eigenvalues are 3, 5, 8. Prove that (7' — 31)2(T — 51)%(T - 81)? = 0.

Proof: We know that C* = G(3,7) @ G(5,T) @ G(8,T). As 1 < dim G(A,T) < 2 by the pigeonhole principle, for all
three eigenvalues, (T — A1)?|G1.1) = Olga.1). Thus, (T - 31)*(T - 51)*(T - 81)2 = 0.

Example 23.3: 8C Exercise 5
Give an example of an operator on C* whose characteristic polynomial and minimal polynomial both equal z(z—1)2(z—3).
Consider

Example 23.4: 8C Exercise 6
Give an example of an operator on C* whose characteristic polynomial equals z(z — 1)%(z — 3) and whose minimal
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polynomial equals z(z — 1)(z — 3). Consider

Why does this work? Note that

C*=E(0,T)®E(1,T)® E(3,T)
=G(0,T)®G(1,T)® G(3,T)

Thus, c7(2) = z(z = 1)?(z - 3).

Let span(vy) = E(0,T), span(vs, vs) = E(1,T) and span(v4) = E(3,T). Then, v1, va, v3, v4 is a basis of C*. If
V=c1vi+cova+---+c3vy+cgvy, thenT(T —I)(T —3I)v =0as T kills vy, T — I kills vo and vs, and T — 31 kills vy
— all of those operators commute. As each eigenvalue 0, 1, 3 of 7 must be a zero of my, the polynomial z(z — 1)(z — 3)
must divide m7(z). However, that in itself is already monic so m7(z) = z(z — 1)(z — 3).

Example 23.5: 8C Exercise 8
Let T € L(V). Prove T is invertible iff the constant term of m7(z) is nonzero.

Proof: If p(z) is any polynomial, then p(0) is the constant term of p. Thus, O is a zero of my(z) iff the constant of
mr(z) is 0. However, the zeroes of my(z) are precisely the eigenvalues of 7. Thus, T is invertible iff the constant term

of mr(z) is nonzero.

Example 23.6
Characteristic polynomials can also aid in finding, say, the SVD of a matrix. For example, let A = [(1) ;] Then,
T, |1 1
ATA = [1 5
det(ATA - /U) —(1-DG-) -1
0=2*-61+4
Thus, 1 = 820 — 3 4 V5. So, 1,09 = V3 + V5, V3 — V5. Also,
[ —2+V5
E(3+V5,ATA) = ker -2-V5 1 = span -2+V5 = span V101‘4‘/5 = span(v1)
1 2-v5 1
L V10-4v5
2+vV5 1 V5 [
E(3-V5,ATA) =ker| - = span —2-V3 ) span 101+4\F5 = span(va)
1 2+V5 1
L V10+4v5
Then,
—-1+V5
Avy = \/102—4\/5
V10-4v5
-1+V5
up = ﬂ — | V1i0-2v5
g1 2
10-2v5
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\/10+4\F]
V10+4v5
Uy = Ava _ 10+2«f
()] 2
10+2V5
Finally,
-1+V5 -1-V5 -2+V5 1
L 1) _ [Vio—2vs  vVio—2v5 3+V5 0 V10-4v5 \/10 5
0 2 2 2 0 A [3 _ \/5 —-2-5
. > [Vi0-2v5 V10425 V10+4v5 \/10+4xf
A U - >

How does it compare to the diagonalization of A? Since A is upper triangular, its eigenvalues are 1 and 2. Then,
A

ﬂ) = span( ‘/fl)
V2

)

0

E(2,T) = span (

E(1,T) = span(

Thus,

1 -1
ﬁll
L 0
2
L2 o]lo v2
ollo 1f{1 -1

InA=PDP~!and A = USVT, the biggest difference between the two is that U and V are orthogonal matrices while P
isn’t. Furthermore, there is no direct relationship between the eigenvalues and singular values of A.
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24 Lecture 24

24.1 Jordan Forms

Consider the following two examples as a preview of what is to come later in the lecture!

Example 24.1
LetV=F*and N € L(V) such that N(z1, z2, 23, 24) = (0, 21, 22, z3). In other words,

[N]g =

o o= O
o= o o
_ o O O
o O OO

Letv = e; = (1,0,0,0) and choose the basis 8 = N3v, N2v, Nv,v = ey, e3, 2, e1. Then,

01 00
5 100 10
NIg=1o 0 0 1
0 0 0 O
Example 24.2
Let V =FS and N = £(V) such that N(z1, z2, 23, 24, 25, 26) = (0, 21,22, 0, z4, 0). In other words,
00 0 0 0 O]
1 0 0 0 0O
. 010000
NI, = 00 0 0 0 O
0 001 0O
0 0 0 0 0 0

Let vy = e, vo = ey4, v3 = eg and define the basis 8 = N2V1,NV1, v1,Nva,vo,vs. Then,

0 1 0
0 0 1
s |0 0 0
0 0
O_
Theorem 24.1
Suppose N € L(V) is nilpotent. Then, there are vectors v, ..., v, € V and nonnegative integers m1, .. ., m, such that
1. Ny, ...,Nvi,vi,...,N™vy,, ..., Nv,, v, is a basis of V

2. Nmtly; =...= Nmtly, =0

Proof: We will prove this theorem by induction on dim V. The dim V = 1 case is trivial as N is the 0 operator. The induction
hypothesis states that the desired result holds on all vector spaces of dimension less than dim V.

Since N is nilpotent, N is not injective and, hence, not surjective. Then, either N is the 0 operator or we can apply the induction
hypothesis to N|;ange(n) € £(range(N)) so that there are vectors v, ..., v, € range(N) and nonnegative integers m1, ..., m,
such that

N™yqy, .. ,Nvi,vi, .. .. N™ v, oo, Ny, vp
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is a basis of range(N) and
le+1V1 - .= Nmn+1vn — 0

As each v; € range(N), for each j, there is au; € V with v; = Nu;. Thus, Nk“uj = Nkvj for each j and k. We claim that
the list
N™* o Nuy,up, ..., N™ . Nuy,up,

is linearly independent. Suppose a linear combination of these vectors is equal to 0. Apply N to both sides. This re-
sults in a linear combination of N"vy,...,Nvy,v1,...,N™v,, ..., Nv,, v, that equals O (actually it would also contain
the N™*lyy, ..., N"™n*ly, terms but those are all already 0). However, this list is linearly independent because of the
induction hypothesis. So, all of the coefficients in the linear combination above must be 0. Then, all coefficients in the
linear combination of N1+ 1y, ..., Nuy,uy, ..., N™*1u; except for possibly those of N"™1+1y, ..., N"™*1y, are O (because
Nmitly o N™etly are O and can essentially be multiplied with any constant). However, N"'vq,..., N™v, are linearly
independent as well, so those coefficients must be 0 too. Thus, the list of vectors mentioned above will all be linearly independent
as claimed.

So, we extend this list to a basis Ny, N™uq, ..., Nuy,uy, ..., N+ u, Ny, ... Nuy, tty, w1,...,w, of V. Each
Nwj is in range(N), so they are in the span of N™vy,...,Nvy,vi,...,N™v,,...,Nv,,v,. All of the vectors in that
list are a result of applying N to some subset of vectors in N™*ly o Nuq,uq, ..., Ny, .. Nuy,,u, so there is an
xj € span(N™* vy, . Nvi,vi,...,N™ Ly Nv,,v,) suchthat Nw; = Nx;. Letu,,; = w;—x;. Then, Nu,,; = 0and
Nty o Nug g, N™ L N, U, Unads - s Un+p Spans V because it contains each x; and u,,; (so essentially
each w;). However, we have a spanning list of length equal to the extended basis given above. This is clearly a basis too and it
also has the required form.

Definition 24.1: Jordan Basis
Suppose T € L(V). A basis of V is called a Jordan basis for 7' if, with respect to this basis, 7 has a block diagonal matrix
representation
Aq
Az

Ap
where each A; (a “Jordan block™) is an upper-triangular matrix of the form
A; 1
4
4; 1
Ay

There are 4 ;s on the diagonal and 1s on the “super-diagonal” while everything else is 0.

Theorem 24.2
Let V be a complex vector space. If T € L£(V), then there is a Jordan basis for T'.

Proof: LetV = G(A41,T) ® - ® G(Am, T) where 41, ..., Ay are the distinct eigenvalues of 7. Then, N; = (T — A;1)|Ga,.1)
is nilpotent and each G (4;,T) has a basis §; of the type asserted in the theorem above. The matrix representation of a single
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Jordan block with respect to such a basis will look like

mi+1 m;
Nj" v Nj"vj ... Njv; -
0 1 Ny,
Bj .
[NJ'],B; =
1 NjVj
0 Vj

Thus, T|G(a;.1) = AillG ;. 1) + (T — 4;1)|G(a;,7) has matrix representation given by
A 0 1 ;01
/lj 0 . /1]'
4 0 1 1
4j 0 A

with respect to this basis ;. Collate all the 81, .. ., 8, to obtain the Jordan basis for 7'.

Example 24.3: 8D Exercise 1
Consider N(z1, z2, 23, z4) = (0, z1, 22, z3). Then, as we showed in example 24.1,

N*% N3y N2y Ny

0 1 0 01 N3v
0 0 1 0| N2
0 0 0 1| Nv
0 0 0 0 v

Note that ¢ (z) = z* since dim G(0, N) = 4. Observe that N*v = 0 but N3v # 0 and N3v, N2y, Nv, v form a basis of
F*. Thus, N* = 0 and N3 # 0, so z* is also the minimal polynomial of N.

Example 24.4: 8D Exercise 2
Consider N = L(V) such that N(z1, z2, 23, 24, 25, 26) = (0, 21, 22, 0, 74, 0) from example 24.2. Let vi = e1, vy = ey,
vs = eg and define the basis 8 = N2vi, Nvq,vi, Nva, va, v3. Then,

0 1 0
0 0 1
0 0 O
(V15 =

o O
S =

0

Since N3v; = 0, N?v5 = 0 and Nvs = 0, the minimal polynomial of N is z3. However, the characteristic polynomial of
N is z% since dim G (0, T) = 6.

Example 24.5: 8D Exercise 3
Let N € L£(V) be nilpotent. The minimal polynomial of N is z*! where m is the length of the largest string of
consecutive 1s that appear on the super-diagonal in any Jordan form matrix representation of N.
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Example 24.6
Suppose T has the matrix representation, with respect to its Jordan basis, given by
3 1 0
0 3 1
0 0 3
3 1
0 3
6 1 0 O
0 6 1 0
0 0 6 1
0 0 0 6]

Then, T has two Jordan blocks for eigenvalue 4 = 3 and one for eigenvalue A = 6. The sum of the sizes of the Jordan
blocks for eigenvalue A is the algebraic multiplicity of 4, i.e., dim G(A,T). The minimal polynomial of 7 has a A
root with multiplicity equal to the size of the largest Jordan block for A. Therefore, the minimal polynomial of T is
(z - 3)3(z — 6)* while the characteristic polynomial is (z — 3)°(z — 6)%.

Example 24.7
Note, however, that a characteristic polynomial and minimal polynomial are not enough to uniquely determine the Jordan
form of 7. The following matrix representation has the same characteristic and minimal polynomial as the example

above:
3 1 0
0 3 1
0 0 3
3
3
6 1 0 0
0 6 1 0
0 0 6 1
0 0 0 6]

Example 24.8: 8D Exercise 4
Suppose T € L(V) and vy, ..., v, is a Jordan basis for 7. Describe the matrix with respect to basis v, ..., v, obtained
by reversing the order of v;s. Let T’ be such that it has the following as the possible Jordan form matrix representation:

3 1 0
0 3 1
0 0 3
3
2 1
0 2
Then, reversing the basis will yield
2 0
1 2
3
300
1 3 0
01 3
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Example 24.9: 8D Exercise 5
LetT € £(V) and let vq, ..., v, be Jordan basis for T. What is the matrix representation of T? for this basis? Here is

what the single block case looks like:

[4]14]

[

A 1] 1] _[22 22

0 aj{0 2/ |0 22

A1 0l[2a 1 0] [22 224 o0

0 2 1]10 2 1|l=|0 22 22

0 0 /|0 0 2 [0 0 22
A1 0 0]f[2 1 0 0] [22 224 0 O
04 1 0o A 1 of (0o 22 202 0
0 0 42 1llo0 0 4 1|7 {0 0 22 22
000 2f[o 0 0 2] [0 0 0 22

This pattern continues for Jordan blocks of any size. For the general case, one can find the representation of each Jordan
block separately and assemble them at the end.

Example 24.10
Suppose that 7 € £(V) is invertible. Prove that there is a polynomial p € P(F) such that T~ = p(T).

Proof: Let 7™ + am-12""1 4+ -+ a1z + ag be the minimal polynomial of 7. So, T + Am1T™ L+ +a1T +aol =

0 = agl =-T" —a,,,_1T" ' —--- —a;T. Since T is invertible, ag # 0 so
T—l
77! =qgol—
aop
= _Tm_l _Amlom2 %,
ao ao ao
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25 Lecture 25

25.1 Jordan Forms Cont.

In general, the knowledge of all the eigenvalues of 7" and the dimensions of ker(T — A ;1 )¥ for each eigenvalue A jandeach k > 1
is necessary to determine the Jordan form of 7'.

Theorem 25.1

LetT € L(V). If T has a Jordan basis and A is an eigenvalue of 7', then the number of A eigenvalue Jordan blocks of T of
size at least k is exactly dim ker(7 — AI)¥ — dim ker(T — AI)*~!. Thus, the number of Jordan blocks for the eigenvalue
A of size exactly k is exactly

dim ker(T — A1)*** — 2 dim ker(T — AI)* + dim ker(T — A1)*~!

and the number of Jordan blocks of T for A is the geometric multiplicity dim ker(7 — 1), i.e., dim E(4,T).

Example 25.1
LetV=C*andT € E(C4). Let A be the only eigenvalue of 7" with Jordan basis N3v, N2y, Nv,v where N = T — Al
The Jordan form of T is

A1
A1
A1
A
The nilpotent operator 7 — AI has the matrix representation
0 1
0 1
0 1
0
with respect to the given Jordan basis.
* Since N*v = 0, the list N3v, N?v, Nv, v is a basis of ker(T — AI)* = ker(T — AI)® = ker(T — A1) = ... and

dimker(T — ADN* = 4.

 Again, as N*v = 0 but N3v # 0, we have that N3v, N?v, Nv is a basis of ker(T — AI)3 (since N3(Nv) = N*y =0,
N3(N?v) = N% =0 and N3(N3v) = NSy = 0) and dim ker(7 — AI)3 = 3.

« Similarly, N3v, N?v is a basis of ker(7 — AI)? (same logic as before) and dim ker(T — A1)? = 2.
* Finally, N3v is a basis of ker(7 — AI) = E(A,T) and dim ker(T — AT) = 1.

The proof is that if we restrict our attention to the sequence of subspaces ker(T — AI) C ker(T — AI)? c ker(T — AI)3 c .. .,
where T has a single Jordan block for the eigenvalue A, say of size /, then we must have

dimker(T - AN =1
dimker(T - AI)? = 2
dimker(T - A)% =3

dimker(T - A} =1
dimker(T =AD" =1
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So, if k < I, then dim ker (7 — AI)* — dim ker(T — A1)*~! = 1, which is exactly the number of Jordan blocks of T for eigenvalues

A of size at least k. If k > [ + 1, then dim ker(7T — AI)* — dim ker(T — AI)*~! = k — k = 0 so that checks out as well.

This establishes the theorem for the case in which T has a single Jordan block for the eigenvalue A. Suppose, instead, that T has

Jordan basis say, N3vi,N%v{,Nvi,vi, Nvy, vy where N = T — A1 In other words, N has the Jordan form

01 00

0 010

0 0 01

0 0 0O
0 1
0 0

By the same logic as before (N*v1 =0, N3v; 20, N2vg =0, Nvy # 0),

ker(T — AI)! = span(N3vi, Nvo)

ker(T — AI)? = span(N3v1, N2v1, Nva, va)

ker(T — AI)? = span(N3v1, N?vq, Nvi, Nva, v2)
ker(T — /11)4 = span(N3v1, N%vi,Nvy, vy, Nvo, V)
ker(T — AI)® = span(N3v1, N2vi, Nvi,vi, Nva, va)

and the number of Jordan blocks of size at least k for the eigenvalue A is dim ker(T — A1) — dim ker(7 — AI)*~! (which can

be confirmed from the matrix above). It isn’t hard to turn this into a formal completely general proof of the theorem.

Example 25.2
Suppose T € £(C) has eigenvalues 3 and 6 and dim(7 — 31)3 = 5, dim(7T — 31) = 3, dim(T — 61)* = 4. Is the Jordan
form of T completely determined by this information? What are the characteristic and minimal polynomials of 7'?
Asdim E(3,T) = dim ker(T — 3I) = 3, the operator T has exactly three Jordan blocks for the eigenvalue 2 = 3. The
algebraic multiplicity (sum of the size of all Jordan blocks) of A = 3 is at least 5 since dim ker(7 — 37)3 = 5. Similarly,
the algebraic multiplicity of A = 6 is at least 4. However, 9 = 5 + 4 so the algebraic multiplicities of A = 3 and 4 = 6 are
exactly 5 and 4 respectively. Then, the characteristic polynomial of T is c7(z) = (z — 3)°(z — 6)*.
Thus, we either have one Jordan block of size 3 and two of size 1, or two of size 2 and one of size 1 for 4 = 3. On
the other hand, we either have four Jordan blocks of size 1, one of size 2 and two of size 1, two of size 2, one of size 3
and one of size 1, or one of size 4 for A = 6. This information is not enough to determine the minimal polynomial of 7
though my(z) is one of the following:

* (z-3)%(z-6)*
* (z-3)%(z-6)°
* (z-3)%(z-6)?
* (z2-3)*(z-6)

Example 25.3
Let V be a complex vector space of dimension 8 and 7 € L£(V) such that 3,1 are its two eigenvalues. Suppose
dim ker(7 — 31) = 3, dimker(T + I) = 2, dim ker(7 — 31)? = 4 and dim ker(7 + I)? = 4. What can we say about the
Jordan form of 7?

Since dim ker(T—31) = 3, there are three Jordan blocks for A = 3. As dim ker(T—31)%2—dim ker(T—31) = 4-3 = 1,
two of the Jordan blocks for 4 = 3 must be 1 X 1 and the last one should be 2 X 2 or greater.

Now, as dimker(7 + I) = 2 and dimker(7T + I)2 — dimker(T + I) = 4 — 2 = 2, there are two Jordan blocks for
A = —1 and both are at least 2 X 2.
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(3 1
0 3

Thus, we have c7(z) = (z = 3)*(z+ 1)* and mr(z) = (z - 3)%(z + 1)2.

The only way this is possible is if there are two 1 X 1 Jordan blocks for A = 3, one 2 X 2 Jordan block for 4 = 3 and
two 2 X 2 Jordan blocks for A = —1. Thus, the Jordan form of 7 (up to some rearrangement of the blocks) is

-1 1

Note 25.1

level, A, B € M,,(C) are similar iff A and B have the same Jordan form.

If V is a complex finite-dimensional vector space, the Jordan form is a complete similarity invariant, i.e., if T, S € £L(V),
then there is an isomorphism U € £(V) such that S = U~! o T o U iff T and S have the same Jordan form. At the matrix

25.2 Complexification
25.2.1 Motivation

Example 25.4
0.5 -0.6 . o |2 , .
Let A = 075 11l Moreover, let xo be an arbitrary point like ol Let’s analyze the following sequence:
— Axe = 0.5 -0.6]|2 [1.0
M=M= 1075 11f|o] T {15
— A = 0.5 -0.6{|1.0( [-0.4
R2EAM T o7 11|[15] T
X3 = A)CQ Sooo
X4 =Axz=...
Xn = Ax,_1 = A"xg
The sequence xg, X1, . .. lies along an elliptical orbit. Why the rotation? What is going on here?

Definition 25.1: Real and Imaginary Components of a Vector
For any v € C", define

[Re(v1)]
Re(v) = :
[Re(vn))
[Tm (v1)]
Im(v) = :
[Im(vy) ]

So, v = Re(v) + Im(v). We similarly define the conjugate of v as v = Re(v) — Im(v).
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Theorem 25.2
Suppose A € My (R). View A as a part of Mo (C). Suppose A has a complex eigenvalue A = a —ib with b # 0 and the
corresponding A-eigenvector v of A in C2. Then, B = S~ AS where

S=[Re(v) Im(v)]
a -b
o-[; 7|

for a, b € R. In other words, the real matrices A and B are similar over R via the real matrix S.

Proof: Look at AS:

A[Re(v) Im(v)] = [A Re(v) AIm(v)]
= [Re(Av) Im(Av)]
= [Re(/lv) Im(/lv)]

and compare it to SB:
[Re(v) Im(v)] [Z _2} = [a Re(v) + bIm(v) —-bRe(v)+a Im(v)]

Then,

Av = (a —ib)(Re(v) +iIm(v))
=aRe(v) +bIm(v) + (-bRe(v) + alm(v))i

Re(av) Im(Av)

So, AS = SB. Since Re(v) and Im(v) can easily be shown to be linearly independent via a simple proof by contradiction
oriented calculation, it follows that B = S~ AS.

What is the point of this? If A € M3 (R) has some strictly complex eigenvalues A when viewed as a matrix in M2 (C), then A
is similar to a matrix of the form given by B (where A = a — ib), which is just a scaled rotation matrix. In the example above,

the matrix
A= 0.5 -0.6
~10.75 1.1

has a strictly complex eigenvalue A = a — ib. This explains why the trajectory of a point/vector under iterates of A will form an
elliptical orbit.

If A is already the same form as B, the trajectory would be a circle. However, because the change of basis matrix § takes the
standard basis to a non-orthogonal/non-rectangular basis, we uncover the elliptical distortion of the circle. In the example above,
this turns out to be

1=0.8-0.6i

[

25.2.2 Complexification

We already worked with the concept of complexification during the proof of the real spectral theorem. We will cover it in more
detail now.
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Definition 25.2: Complexification
Let V be areal vector space. Then V¢ is the complexification of V and has an underlying given by VXV = {(u v) € V2 }
However, we denote (u, v) by the formal expression u + iv. Vector addition in V¢ is defined by

(u1 + iv1) + (ug + iVQ) = (u1 + MQ) + i(v1 + V2)
and complex scalar multiplication is defined by
(a+ib)(u+1iv) = (au — bv) +i(av + bu)

fora,b e Randu,v € V.

Theorem 25.3

Let V be a real vector space. If vi,...,v, is a basis of V (as a real vector space), then vy,...,v, is a basis of V¢ (as
a complex vector space). Thus, dime(Ve) = dimg(V). It immediately also follows that V = R” = V¢ = C" so we
identify the complexification of R" with C".

Definition 25.3
Let V be areal vector space and T € L£(V). Then, Tc € L(V¢) is defined by Tc(u +iv) = Tu +iTv for all u,v € V.

Definition 25.4

Let V be a real vector space with basis 8 =v1,...,v, and T € L(V). Then, [Tc]g = [T]g.

Theorem 25.4
Every operator has an invariant subspace of dimension 1 or 2.

Proof: Every operator on a non-zero finite-dimensional complex vector space has an eigenvalue and, thus, a T-invariant 1-
dimensional subspace. Now suppose T € L(V) where V is real and that 7¢ has an eigenvalue A = a + ib with eigenvector u + iv
(and at least one of u or v nonzero). In other words,

Te(u +iv) = (a+ib)(u +iv)
Tu+iTv = (au — bv) +i(av + bu)

So, Tu = au — bv and Tv = av + bu. Let U = span(u,v). Then, U is a T-invariant subspace of V of dimension 1 (for real
eigenvalues) or 2 (for complex eigenvalues).

Theorem 25.5
Let V be a real vector space and T € £(V). Then, the minimal polynomial of 7¢ equals the minimal polynomial of 7.

Theorem 25.6
Let V be a real vector space and T € L(V) with A € R. Then, 4 is an eigenvalue of T¢ iff A is an eigenvalue of T

Theorem 25.7
Let V be a real vector space, T € £(V) and j > 1,u,v € V. Then (Tc — AI) (u +iv) = 0iff (Tc — A1)/ (u —iv) = 0.
In other words, if w is a A-eigenvector of T¢, then w is a z-eigenvector of Tc. So, non-real eigenvalues of T come in
conjugate pairs.
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Theorem 25.8
Let V be areal vector space, T € L(V) and A an eigenvalue of 7. Then, the algebraic multiplicity of A as an eigenvalue
of T equals the algebraic multiplicity of A as an eigenvalue of T¢.

Theorem 25.9
Let V be a real odd-dimensional vector space and 7' € £(V). Then, T has an eigenvalue.

Proof: Complex eigenvalues of T come in conjugate pairs with the same algebraic multiplicities. Thus, the sum of the
multiplicities of all truly complex eigenvalues is even. So if dim V¢ is odd, then 7 must have a real eigenvalue, which must be
areal eigenvalue of T as well.

Theorem 25.10
Let V be a real vector space and T € L£(V). Then, the coeflicients of the characteristic polynomial of T¢ are all real.

This justifies the following definition:

Definition 25.5: Characteristic Polynomial
Let T € L(V) where V is a real vector space. The characteristic polynomial c¢7(z) of T is defined to be the same as the
characteristic polynomial ¢z (z) of Tc.

Theorem 25.11: Cayley-Hamilton Theorem
Let V be areal vector space and T € L(V). If ¢y (z) is the characteristic polynomial of T, then c¢7(T) = 0.
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26 Lecture 26

26.1 Real Normal Operators

Last time, we proved the following theorem:

Theorem 26.1

Let A € M5 (R). Suppose Ac has a truly complex eigenvalue A = a + ib (where b # 0) and v € C? is a A-eigenvector
of A. Then, B = SAS™! where

S = [Re(v) Im(v)]

The proof of this theorem relied on the fact that Re(v) and Im(v) are necessarily linearly independent, given the hypothesis.
We will prove that fact right now.

Proof: First, write v = x + iy such that Re(v) = x and Im(v) = y. Note that y = 0 is impossible. If it was indeed possible,
then Acv = Ax is real, but Ax is not (y = 0 = x # 0 since x is an eigenvector of Ac). Now, we claim that x = 0 is
impossible. If it was indeed possible, then Acv = A(iy) = iAy which is purely imaginary as A and y are real. However,
Ac(v) = (a+ib)(iy) = —by + aiy but b # 0 so Acv has a real component. Thus, the real and imaginary parts of v are both
nonzero.

We now claim that v = x + iy and v = x — i’y are linearly independent over C under the given hypothesis. Suppose c1v +c2V =
0 = ci(x+iy)+ca(x—iy) =0 = (c1+co)x+i(c1—c2)y=0 = (c1+ca)x=0and (c1 —c2)y = 0. However, since
x # 0and y # 0, we get the system ¢1 + c2 = 0 and ¢1 — ¢2 = 0. These equations imply ¢1 = c2 = 0 so v and v are linearly
independent over C. However, note that

YT
Suppose there are constants b1, bo such that b1x + boy = 0. Then,

O:b1x+b2y
V4V V-
=b b
— ﬁ*_@ v+ ﬁ_@ ‘_;
2 o 2 2

Again, this implies that b1 = b2 = 0 so x = Re(v) and y = Im(v) are linearly independent as expected.

Here is a somewhat faster version of the proof above: under the given hypothesis, v is a A-eigenvector of Ac and Vv is a
A-eigenvector of Ac. As A # A (the imaginary component is non-zero), then v and ¥ are eigenvectors of distinct eigenvalues
and, thus, linearly independent over C. The same calculation follows as before, which shows that Re(v) and Im(v) are linearly
independent as well.

Theorem 26.2
Let V be a two-dimensional real inner product space and T € L£(V). Then, the following are equivalent:

1. T is normal but not self-adjoint

2. The matrix representation of 7 with respect to every orthonormal basis of V is

a -b
b a
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with b # 0.

3. The matrix representation of 7' with respect to some orthonormal basis of V is

a -b
b a

with b # 0.

Proof: Recall that if V is a real inner product space with inner product (-, -), then

(u+iv,x +iy) = (u,x) + (v, y) + ((v,x) = (u, y))i
defines a complex inner product on V. Moreover, if T € L£(V) is self-adjoint for (-, -), then T is self-adjoint for (-, -)c. If T'is
normal for (., -), then 7¢ is normal for (-, -)c. Let’s prove some statements now:

e statement ]| = statement 3

As Tt is normal but not self-adjoint, by the spectral theorem and the fact that truly complex eigenvalues of 7T¢ come in
conjugate pairs, we know that 7¢ is orthogonally diagonalizable over C as

"4

where A = a +ib and b # 0 for some a, b € R. We also know that if V is a A-eigenvector of T¢, then Vv is a Z—eigenvector
of Tc and that v and v must be orthogonal since T is normal. Since b # 0, the matrix representation of 7' with respect to
the basis Im(v), Re(v) is

a -b

b a}

Now, we need to only show that Im(v) and Re(v) are orthogonal. If v = x + iy, then

(v, 7) = (e +iy,x —iy) = [xl” + Iyl + 20 Re((x, y)) = 0

Since x, y are real, Re({x,y)) = (x,y). The orthogonality of v,V above forces (x,y) = 0. Normalizing x and y, if
necessary, won’t change the matrix representation of 7. Thus, statement 1 implies statement 3.

e statement 3 —> statement 2

Suppose T has a matrix representation

a -b
b a
with respect to some orthonormal basis of V given by e = ey, e2. Then, any other orthonormal basis of V, given by

f = fi, fo is related to e by an isometry, i.e., via an orthogonal change of basis of matrix. So, the matrix representation
of T with respect to f is

B=([SI9)"

a -b e
where S is a 2 X 2 orthogonal matrix. However, any such S represents either a rotation or a reflection and has the form

cosf —sinéd
sin 6 cos 6

cosf sinf
sin@ cos@

These commute with

so statement 3 implies statement 2.
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e statement 2 —> statement 3

This is trivial.

* statement 3 = statement 1
If

with b # 0 and e = eq, e is an orthonormal basis, then

(7] = [_Z Z}

Thus, T # T* since b # 0 so T is not self-adjoint. However, a direct calculation also shows us that
a’ + b? 0 a -b|| a b we
0 aZ+b2| " b all-b al” [T7°1,

* e _ a b
[T T]e_ [—b a

a -b
b al|

Hence, 7°T = TT* and T is normal.

Theorem 26.3
Let V be a real inner product space and T € £(V). Then, the following are equivalent:

1. T is normal

2. There is an orthonormal basis of V with respect to which 7 is block diagonal, consisting of blocks that are 1 x 1
or 2 X 2 of the form
a -b
b a]

Proof: The proof that we covered in class was too confusing and verbose, and I am genuinely not sure if it was even correct or
complete in the first place. Refer to Axler for a better proof.

26.2 Real Canonical Form

Definition 26.1: Real Canonical Form
Let V be a real vector space and T € L£(V). Then there is a basis of V with respect to which the matrix of T is block
diagonal with each block either a Jordan block for a real eigenvalue or a block of the form

R I
R

where R = [a

-b| . 1 0
b a] W1thb¢Oand12—[ ]

0 1

Main idea: ¢ has a Jordan basis for which members of the generalized eigenspaces of real eigenvalues can be taken to be in V.
If Nvq,...,Nvy,viisa part of a Jordan basis satisfying the above for a complex eigenvalue A = a + ib block, then

Nkvy = N¥v7, ... ,Nvi = NVL,v1 =v1

can be taken as a part of the Jordan basis for ad = a—ib block of the same size. Replace Nkvy,...,Nvy,vi, N*vT, ... NV,
with Im(N*v1), Re(N*v1),...,Im(Nvy), Re(Nvy),Im(vy), Re(vy) are reorder to get the real canonical form.
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For example, we might have a Jordan block
241 1
2+1i 1
241
with respect to N2v, Nv, v for some v, where N = (Tc — (2 + ) 1)|G2+i,17)- Since Te = Tc (as Tc is only a complexification of
the real operator T'), we have that N = (Tc — (2 + i)1)|G(ﬁ,TC) =Tc = (2 =i)l|g(2-i,1-)- Thus, there is a Jordan block

2-1 1

with respect to N2V, N v, V.

So, with respect to Im(N2v), Re(N?v), Im(Nv), Re(Nv), Im(v), Re(v), we can combine the two Jordan blocks together to
form

2 -1 1 0
1 2 0 1
2 -1 1 0
1 2 0 1
2 -1
1 2

for T’s matrix representation when restricted to G(2 +i,Tc) ® G(2 — i, T¢).

Example 26.1: 9A Exercise 10
Give an example of a 7' € £(C") such that 72 + T + [ is nilpotent.

Answer: We choose a T with minimal polynomial

o e
cr(0)=22z-|——||lz- | ————

and characteristic polynomial

2 2

~—

such as _
0

(716 = 0

—1+iV3
2

—1-iV3
2 |

Then, T? + T + I only has an eigenvalue of 0. Thus, there is an upper-triangular matrix representation with a diagonal
of Os for some basis of C7. This implies that T2 + T + I must be nilpotent.

26.3 Gershgorin Circle Theorem and Perron-Frobenius Theorem

Theorem 26.4: Gershgorin Circle Theorem

Let A € M,(C). Foreachi € {1,...,n}, consider R; = } ; ‘aij|, i.e., R; is the sum of the absolute values of the
non-diagonal entries of the ith row. Consider D(a;;, R;) € C to be the closed disk of radius R; centered at a;;. Then,
each eigenvalue of A lies in at least one of the Gershgorin disks D (a;;, R;).
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Proof: Let A be an eigenvalue of A and v a A-eigenvector of A. Scale v so that one component v; of v is equal to 1 and all other
components have absolute value < 1. Thus,
Z a; jV j= /lvl-

J

Zaijvj+a,-,- =1

]
So,
A —ai| =

< Z Jaijllv;| < Z lai| = R;

J#i J#i

J#i

Note 26.1
The same result holds for the columns replacing the rows as well, by applying the theorem to A7 (since A and A have
the same eigenvalues).

Theorem 26.5: Perron-Frobenius Theorem

Suppose that A is an n X n matrix with only positive entries. Consider the eigenvalues of Ac. There is a unique
eigenvalue A of Ac that has the largest absolute value among the eigenvalues of Ac. This A is strictly positive and real
and E(A,T) = 1 for this eigenvalue. There is also a A-eigenvector v with strictly positive entries.

Proof: There is no easy proof of this theorem. A famous one goes through Brouwer’s fixed point theorem. Some use Gelfand’s
spectral radius formula:

max {|A] | A is an eigenvalue of Ac} = lim ||A" |
n—oo

which in itself is a famous result of functional analysis. However, the main point is that most (if not all) proofs of this theorem
require some degree of topology and analysis that is not usually covered at an undergraduate level.
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27 Lecture 27

27.1 Multilinear Algebra and Determinants

Definition 27.1: Alternating k-Form/k-Tensor
Let V be a vector space with dim V = n and k < n. Then, ¢ : V¥  F is an alternating k-form/k-tensor on V if

1. ¢ is multilinear, i.e., linear in each variable of ¢:

OV, VWi, V) =P, Vs V) OV, W, V)
Vi, .. 0V, V) = OV, Vs, VE)
2. ¢ is alternating:
OV, VooV Vi) = =0V, oV Ve, V)

forall [ # j (i.e., switching v; and v; introduces a negative sign).

Definition 27.2: k-Tensor
If ¢ : V¥ > F satisfies multilinearity but not necessarily the alternating property, then ¢ is a k-tensor on V.

Theorem 27.1
If dim V = n, the space of k-tensors on V has dimension n*.

Proof: Proof sketch: If ¢ is a j-tensor on V and ¢ is a [-tensor on V, then

(¢®¢)(V1,~-~,Vj7Vj+1,~-',Vj+l) = ¢(V1,...,Vj) '¢(Vj+1,...,Vj+l)

defines a j + [ tensor on V.
If vq,..., vy is abasis for V and ¢1, ..., ¢, is the dual basis for V (i.e., ¢;(v;) = 8;; for each 7, j), then

¢(Vj1,...,vj'k) = (¢i1 ®"'®¢ik)(Vj1,...,ij) = ¢i1(Vj1) """ q)ik(vjk) :61'1,1'1 ""'6ik,jk

isa k-tensor on V. The setof all ¢;, ® - - - ® ¢;,, as the indices i1, . . ., ix each vary from 1 to n (repetition allowed), give a basis

for the space of all k-tensors on V. Thus, the space of k-tensors has dimension nk.

What about alternating tensors? If ¢ is a k-tensor, define

1
Al(@)(v1.ov) = 55 D (8B (Voye- - Vo)

oeSk

Here, Sy is the set of permutations of {1,2, ..., k}, i.e., the bijections between {1,2,...,k} + {1,2,...,k}. Therefore, Sy
has a cardinality of k! (hence the k! in the denominator above). We define the sign function as

1 if o has an even number of “inversions”
sgno =

—1 if o has an odd number of “inversions”

These definitions seem a bit abstract. Let’s work through a concrete example:

Example 27.1

Consider o € S4 given by
o(l)=2
o(2)=3
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o3)-1
o4)=4

There are two inversions here since 1 < 3 but (1) > ¢7(3) and 2 < 3 but 7(2) > 0(3). Thus, sgno = 1.

Example 27.2

Now consider,
o(l)=3
o(2)=4
o3) =1
o4)=2

There are 4 inversions here since 1 < 3and1 < 4buto (1) > 0(4) > 0(3)and2 < 3and2 < 4buto(2) > o(4) > o (3).
Thus, sgn o = 1 this time as well.

Note 27.1
It isn’t difficult to show that Sy has %' even permutations and % odd permutations (see any abstract algebra textbook).

Example 27.3
If ¢1 and ¢ are 1-tensors, then

1
Alt(¢1 ® ¢2) = §(¢1 ® 2 — P2 ® ¢1)

If ¢1, ¢2 and ¢3 are 1-tensors, then,

1
Alt(¢1®¢2®¢3)=6((251®¢2®¢3—¢2®¢1®¢3—¢3®¢2®¢1
— 1@ P3® P2+ P2 ® P3 ® P11 + 3 ® P1 ® P2)

Thus, we say Alt(¢) is “totally antisymmetric,” i.e., Alt(¢1 ® ¢2) = — Alt(p2 ® ¢1).

Definition 27.3: Exterior Product
If ¢ is a k-form and y is an /-form, we define the “wedge” or exterior product between them as

(k +1)!

pAY =T AlG @ Y)

In other words,

1
@AY, Vi) = D e @)PWa(t), - VoW Vo kst)s -5 Vekan)

T ESk+1

The purpose of the binomial coefficient above is to sort of act like a normalization constant — it ensures thatif ey, . .., e, is the
standard basis of R"” and ¢4, ..., ¢, is the dual basis, then (¢;, ® - - - @ ¢; )(es;,...,€;,) = 1.

Theorem 27.2
IfdimV =nandvy,...,v,isabasis of V with the corresponding dual basis ¢1, . . ., ¢,, then the setof all ¢;, A---A¢;,
for1 <iy <is <--- <i < nisabasis for the space of alternating k-forms on V.

The dimension of the space above is (2’) = #lk), for k < n. In particular, if dim V = n, the space of alternating n-forms has
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dimension 1. This motivates the following definition:

Definition 27.4: Determinant )
Let A € M,,(C) or M, (R). Identify A by its columns, i.e., identify M, (C) with C" x--- x C" = (C")" = C™ . Since
C" is n-dimensional, by the theorem above, there is a unique alternating n-form ¢ on C" such that

oler,...,en) =d(I,) =1

This unique normalized alternating n-form ¢ : M,,(C) = (C")" + Cis called the determinant. Thatis, det(A) = ¢(A).

Alternating n-forms and the determinant play a fundamental role in defining the nature of an “orientation” on a vector space or,
more generally, a differentiable manifold. Choose any basis of an n-dimensional vector space V. Any other basis of V is related
to the first one via a change of basis matrix, which is invertible. The two bases are said to define the same orientation on V if
this change of basis matrix has det > 0. Otherwise, the bases are considered as having opposite orientations. This divides the
set of all bases of V into two disjoint classes. Usually, the class including “the standard basis” (if V = R” or C") is taken to be
the “usual or standard” orientation.

Definition 27.5: Permutation Definition of the Determinant

Let A be an n X n matrix with columns a1, ..., a,. Then,
det(4) = > sgn(@) || @i
oS, 1<i<n

Compare this to the definition of an alternating n-tensor:

1
Alt(p)(ve,...,v,) = .l Z sgn()(Vo(1ys- -+ s Vor(n))

ogeS,

Since the determinant is a normalized n-tensor, we can essentially get rid of the n! term. Moreover, from the definition of tensor
products, we already know that

$=01® ®py = ¢(Vo(1):--Vom) = P1Vem) n(Vom) = l_[ $i(vo)

1<i<n

Here, it follows that ¢;(a;) = a;; where a; is the jth column of the matrix A.

Example 27.4
The set S contains only two permutations:

o(l)=1,0(2)=2and7(1) =2,7(2) =1

Then, sgn(o) =1 and sgn(t) = —1. So, for an arbitrary 2 X 2 matrix, we have

= (1)(ai1 * azz) + (=1)(a12 * az1) = ajrazz — aizas;

ail aiz
det
az1  ass

Example 27.5
Let A be a 3 X 3 matrix. Then, S5 consists of 3! = 6 permutations. Based on example 27.2, we set

det(A) = ai1a22a33 — a12a21a33 — A13a22a31 — A11A23032 + 12023031 + 413021032

Key observations regarding the determinant definition given above:

Z sgn(o) ]_[ ai,o (i)

oeS, i<n

we see that each term in the product contains exactly one term from each row of A, namely a; ;).

* When we expand out
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* Moreover, each a; i is a; () for some o € .
From these two observations, and possibly some re-indexing, we can conclude the following statements about determinants:

1. If B results from A when a single row of it is multiplied by a scalar ¢, then det(B) = ¢ det(A).
2. If B results from A by switching two rows of A, then det(B) = —det(A).

3. If B results from A by replacing row k of A with row (k) + ¢ - row(j), then det(B) = det(A).

Note 27.2
Among many other things, statements 1 and 2 imply that if A has two repeated rows, then det(A) = 0. If A has a row of
all zeroes, then det(A) = 0.

Since det(B) is either ¢ - det(A) for some ¢ # 0, —det(A) or det(A), if B results from A after some sequence of elementary
row operations (2 la Gaussian elimination), it holds that det(B) = 0 iff det(A) = 0.

Consider RREF(A). We know that RREF(A) = I, iff A is invertible. Note that det(/,,) = 1 since b1y - bao - - - - - by, =1 and
[Ti<i<n bi, iy = 0O for all permutations where o (i) = j # i. Recall that RREF(A) has at least one row of all zeros iff A is not
invertible. Therefore, det(RREF(A)) = 0 iff A is not invertible, but det(RREF(A)) = 1 iff A is invertible.

Combining these observations with what we have above, we have essentially proven that det(A) # 0 iff A is invertible.

Theorem 27.3
det(AB) = det(A) det(B) for all n X n matrices A and B.

Proof: Note that AB is not invertible iff at least one of A and B is not invertible. In that case, det(AB) and det(A) det(B) are
both zero. Now, we need to show the case when A and B are both invertible.

Recall that an elementary matrix is the result of applying a single elementary row operation to I,,. For instance,
1 00
0 0 1
010

is an elementary matrix that results from swapping rows 2 and 3 of I3. If E is the elementary matrix corresponding to a row
operation, then B = EA is the result of applying that row operation fo A. For example,

az az|_ |0 1ffann ai
a1 aio 1 0]|a21 a2
implements switching rows 1 and 2 of A.

Since A is invertible iff RREF(A) = I,,, then A is invertible iff RREF(A) = I,, = E ... E1A for some elementary matrices
E1, ..., Er. However,

-1 -1 -1
A=(Eg----- E)t=E)L- (Ex)
The inverse of an elementary matrix is an elementary matrix too. Thus, A is invertible iff A is a product of elementary matrices.

Observe that E = EI, is the result of applying an elementary row operation to I, and det([,,) = 1, so det(E) = ¢, =1 or 1
depending on the type of row operation that £ implements. Thus, if B results from A by a row operation implemented by E1, we
get that det(B) = det(EA) = det(E) det(A). Furthermore, det(E3(E1A)) = det(E2) det(E1A) = det(E2) det(E1) det(A),
etc. Carrying out this process inductively yields that det(BA) = det(B) det(A) iff B=E;----- E1 is invertible. In other words,
det(BA) = det(B) det(A) for any n X n matrices A and B.

Theorem 27.4
If A is invertible, then det(A™") = gy

Proof: 1 =det(I,) = det(AA™!) = det(A) det(A™') = det(A7}) L
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Theorem 27.5
If A and B are similar, then det(A) = det(B).

Proof: If B = S™1AS, then det(B) = #(S) det(A) det(S) = det(A)

Theorem 27.6
If A is an upper-triangular n X n matrix, then det(A) = a1 - - - - ann, 1.e., the product of the terms along the diagonal.

Proof: Since A is upper-triangular, it follows that ay (1) -+ - An,o(n) = 0unless ay (1) = @11, a2, o(2) = A22, 3,0(3) = A33
and so on until the nth row. That is, for all permutations other than the identity permutation (o (i) = i for all i < n), the product
above will evaluate to 0. The sign of the identity permutation is 1 since there are no inversions. Thus,

det(A) = Y sgn(@) [ |aiom = (+1) ar-----am+ . sgn(o)-0=anas - am

o€eS, i<n oeS,\{or}

Recall that if T € £(V) has an upper triangular matrix representation, then its eigenvalues are entries along the main diagonal.
We also know that the eigenvalues of T are similarity-invariant, i.e. if S € £(V) is an isometry, then T and S™'7'S have the
same eigenvalues with the same multiplicities. Thus, we could also simply define det(7’) to equal the product of its eigenvalues
with multiplicity (in fact, this is how Axler does it).

If V is real, then Tc € £(V) is complex and, hence, has an upper triangular matrix representation. Then, by our last theorem,
we can define det(T) to be the product of the eigenvalues, with multiplicity, of T¢ (if it is real) or T (if it is complex). It then
becomes clear immediately that det(7") # 0 iff T is invertible. Moreover, det(S o T) = det(S) det(T).

27.2 Geometric Interpretation of Determinants

Let T be a linear transformation and let vy = T(e1) and vy = T'(e3). Then,
A=|T(e1) T(e2)|]=[v1 w2
is the matrix that applies the transformation T so some vector v € R?. Consider the area of the parallelogram spanned by v1, vo

— this is equal to ||v1]|||v2]| sin @ where 6 is the angle spanned between v and vo.

Note that the height of the parallelogram is given by vy, the component of v, orthogonal to vi. Thus, the area above can be
rewritten as ||vq ||Hv§||. We claim that
|det(A)] = lIvallffvs]]

Let A = QR (the QR decomposition of a matrix can be achieved by performing Gram-Schmidt on its columns), where Q is
orthogonal, and R is upper triangular with diagonal entries r1; = ||v1|| and roo = ||V2 = POjspan(vy) VQ“ = Hvé” However, note

that I = 0TQ = det(T) = det(Q7) det(Q) = det(Q)* = |det(Q)| = 1. Therefore,
|det(A)] = |det(QR)| = |det(Q)||det(R)| = [[v1]l||v3]|

Thus, |det(A)] is the area of the parallelogram spanned by its columns. This generalizes to

Theorem 27.7
Let A be an n X n matrix with vy, ..., v, as its columns. Then, |det(A)| = ||v1||Hv§|| ... ||v#|| where

1 .
Vk = Vk =~ PIOJspan(vy,...,v) Vk

So, if A is a 3 X 3 matrix, then |det(A)| is the volume of the parallelepiped determined by v1, vo and v3. Using the linearity of
a linear transformations, it also follows that
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Theorem 27.8

If T : R" — R”, then |det(T)| = % where Q is any closed bounded region in R”.

Theorem 27.9: Change of Variables in Integration
Let Q be an open subset of R" and o : Q — R is continuously differentiable at every point of Q. If f is integrable on
o (Q), then

/ i)y — / F(o@))ldet o ()] dr
o(Q) Q

where o’ (x) is the Jacobian of o.

Linear Algebra 126



	Lecture 1
	Vector Spaces
	Subspaces

	Lecture 2
	Span
	Linear Independence
	Discussion Problems

	Lecture 3
	Basis and Dimension
	Discussion Problems

	Lecture 4
	Linear Maps
	Null Space and Range

	Lecture 5
	Matrices
	Change of Basis

	Lecture 6
	Matrix Representation of Linear Transformations Recap
	Isomorphisms
	Discussion Problems

	Lecture 7
	Review Problems

	Lecture 8
	Eigenvectors and Eigenvalues

	Lecture 9
	Polynomials of Linear Maps
	Upper Triangular Matrices

	Lecture 10
	Diagonal Matrices
	Similar Matrices
	Discussion Worksheet

	Lecture 11
	Inner Products
	Normed Vector Spaces

	Lecture 12
	Orthonormality
	Linear Functionals

	Lecture 13
	Review Problems

	Lecture 14
	Orthogonal Complements
	Least Squares/Minimization

	Lecture 15
	Adjoint Maps

	Lecture 16
	Spectral Theorem

	Lecture 17
	Positive Operators
	Isometries

	Lecture 18
	Polar Decomposition
	Singular Values

	Lecture 19
	Singular Value Decomposition Cont.
	Geometry of the SVD

	Lecture 20
	Review Problems

	Lecture 21
	Generalized Eigenvectors
	Nilpotent Operators

	Lecture 22
	Block Diagonal Matrices

	Lecture 23
	Characteristic Polynomial

	Lecture 24
	Jordan Forms

	Lecture 25
	Jordan Forms Cont.
	Complexification

	Lecture 26
	Real Normal Operators
	Real Canonical Form
	Gershgorin Circle Theorem and Perron-Frobenius Theorem

	Lecture 27
	Multilinear Algebra and Determinants
	Geometric Interpretation of Determinants


